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Abstract 

The notions of Poisson Lie gr oup and Poisson homogeneous space are extended to the Dirac cate- 
gory. The theorem of Drinfel'd ( Printer 7 d (1993)) on the one-to-one correspondence between Poisson 



homogeneous spaces of a Poisson Lie group and a special class of Lagrangian subalgebras of the Lie 
bialgebra associated to the Poisson Lie group is proved to hold in this more general setting. 
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H ; 1 Introduction 

cz i 

A Poisson Lie group is a Lie group endowed w ith a Poisson st ructure that is compatible with the Lie grou p 
structure. Poisson Lie groups were introduced bv lDrinfel'dl (Il983n and studied byi emenov-Tian- Shanskvl fl985). 



Their aim was to understand the Hamiltonian structure of the group of dressing transformations of a completely 
inte grable sys t em. The study of the geometry of Poisson Lie group s was started with the works of Lu and Weinstein 



inte grable sys t em. 1 he study ot the geometry ot Foisson Lie group s was started with the works ot Lu and Wemstcm 
(seel3 (Il990h . iLu and Weinstein! (|l990h . lLu and Weinstein! (Il989h a mong o thers) . The notion of Poisson Lie group 



was generalized to the notion of Poisson Lie groupoids by I Weinsteinl (|l988h 

A Poisson homogeneous space of a Poisson Lie group is a homogeneous space of the Lie group that is endowed 
with a Poisson structure such that the left action of the Lie group on the homogeneous space is a Poisson map. 
Poisson homogeneous spaces of Poisson Lie groups are in correspondence with suitable subspaces of the direct sum 
of the Lie algebra with its dual. We show that this correspondence result fits in a more general and natural context: 
the one of Dirac manifolds, which are objects generalizing in a sense the Poisson manifolds. 
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Let G be a Lie group endowed with a bivector field 7r G G T(/\ TM). The bivector field 7r G is multiplicative, and 
(G, ttq) is a Poisson Lie group, if 7r G satisfies 

KG(gh) = T g R h n G (g) + T h L g ir G (h) 

for all g, h G G, where P^ is the right multiplication by /i on G and L s is the left multiplication by g. In other 
words, the group multiplication has to be compatible with the Poisson structure in the sense that the multiplication 
map 

m:GxG^G 

is a Poisson map if G x G is endowed with the product Poisson structure defined by ttq. Equivalently, the graph 
Graph(7r*j) C TG © T*G of the vector bundle homomorphism tt g : T*G ->■ TG, 7r G (d/) = 7r G (-,d/) associated 
to ttq is a subgroupoid of the Pontryagin groupoid TG © T*G =4 fl* defined by G. More generally, a Poisson Lie 
groupoid is a Lie groupoid G =t P endowed with a Poisson structure ttg such that Graph(7r G ) is a subgroupoid of 
the Pontryagin groupoid TG @T*G =4 TP@A*G , where A*G is th e dual of the Lie al gebroid AG -> P associated to 
the Lie groupoid G =t P fsee lCoste et al.l (|l987t ). IPradinesI (|l988f ). Mackenzie! (|2005l) for the induced Lie groupoid 
structures TG =4 TP and T*G =M*G). 

A Poisson Lie group (G, 7r G ) induces a Lie algebra structure on the direct sum of the Lie algebra fl of G with 
its du al g*. The adjoint action of g on g © g* integrates to a natural action of G on fl Q fl* , see for example iLul 
(Il990h . The generalization of this to Poisson Lie groupoids was done in iMackenzie and Xul (Il994h : the direct sum 
AG © A*G of the Lie algebroid and its dual inherits the structure of a Lie bialgebroid, that generalizes the Lie 
bialgebra of a Poisson Lie group. 

A Poisson homogeneous space (P,irp) of a Poisson Lie group (G,7r G ) is a homogeneous space P of G endowed 
with a Poisson structure 7rp such that the transitive left action of G on P 



a : G x P -> P 

is a Poi sson map, where G x P is endowed with the product Poisson structure defined by 7r G and ixp (see for 
example [Cu| (|2008h ). 

Consider t he pairing on fl © fl* d efined by ((x, £), (y,v)) = £ (?/) + ??(x) for all (x, £), G 0©fl*- A theorem of 

Drinfel'd/ seelDrinfel'dl (|l993h and lDiatta and Medina! (ll999h .lLul (120081) for more details about the proof, see also 
Liu et all ()l998l )) states that there is a one-to-one correspondence between Poisson structures tt g /h on G/H such 
that (G/H,tt g /h) is a Poisson homogeneous space of (G, -kg), and Lagrangian subalgebras £> of fl©0* satisfying 

n (fl © {0}) = t) © {0} (rj being the Lie algebra of the Lie subgroup H) which are invariant under the restriction 
to H of the action of G on fl © fl* . 

Because of this theorem, it appears natural to try to pass to the category of Dirac manifolds. A Dirac structure 
on a manifold M is a subbundle D of its Pontryagin bundle Pm := TM ©T* M that is Lagrangian relative to the 
natural fiberwise pairing (• , ■) defined on Pm by 

((v m ,a m ), (w m ,(3 m )) = P m (v m ) + 

&m (^m ) 

for all m G M and (v m , a m ), (w m , j3 m ) G T m M x T* n M. The Dirac manifold (M, D) is integrable if certain 
integr ability conditions are satisfied. Dirac manifolds generalize Poisson manifolds in the sense that the graph of 
the homomorphism of vector bundles 7r" : T*M — > TM associated to a Poisson bivector field it on M defines an 
integrable Dirac structure on the manifold M. 

In this paper, we study Dirac homogeneous spaces of Dirac Lie groups and give a generalization of the theorem 
of Drinfel'd (our main theorem I4.17[) in this more natur al sett i ng. 

Dirac Lie groups have been defined independently by lOrtizI (<2008l ). The definition is made there in the context 
of groupoids and is easily shown to be equivalent to the definition made here. An important feature of a Dirac 
Lie group (G, D G ) is that the characteristic distribution G C TG defined by G © {0} = D G n (TM © {0}) and 
the characteristic codistribution Pi = Proj T * M (D G ) are always left and right invariant and have thus constant 
dimensional fibers on G. Hence, integrable multiplicative Dirac struc t ures a re only a slight generalization of the 
graphs of multiplicative Poisson bivector fields. The approach in iQrtid ( 2008) uses this fact for the definition of the 
Lie bialgebra of a Dirac Lie group. Here, we formulate everything in the Dirac setting and get the known results 
such as the definition of the Lie bialgebra of a Poisson Lie group as corollaries in the class of examples given by 
the Poisson Lie groups. 

The reason why we chose this approach is because the situation seems to be quite different in the case of a 
Dirac Lie groupoid. A Dirac Lie groupoid is a groupoid endowed wi th a Dirac structure that is a subgroupoid of 
the Pontryagin groupoid TG ©T*G =4 TP © A*G (see lOrtid (|2009h ). The characteristic distribution G can be 



more complicated in this case, and the geometry involved is not necessarily induced b y an underly ing Poisson Lie 
groupoid (it seems that it is even not necessarily the case if Go has constant rank, see IJotd (l2010bh l. 
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The theorem of Drinfel'd has been extended in lLiu et al.l ( 19981 ) to a correspondence between a certain class of 



Dirac subspaces of the Lie bialgebroid of a Poisson L ie groupoid and its Poisson homogeneous spaces. Our next 
aim is to generalize this result to Dirac Lie groupoids (jjotzl (l2010ah L For this, we will need to construct the object 



that will play the role of the Lie bialgebroid in this setting. Here, the r esults known for Poisson Lie groupoids will 
be the guidelines, but it will not be possible to use them as it is done in lOrtid (l2008h in the particular case of Dirac 
Lie groups. 

Outline of the paper Backgrounds about Dirac manifolds and actions of Lie groups are recalled in se ction [2) The 



definition of a Dirac Lie group is given in section [3] and compared with the definition in lOrtia (|2008T) . Geometric 
properties of Dirac Lie groups are proved and the construction of the Lie bialgebra of a Dirac Lie group is made, 
as well as the definition of the induced action of G on it. 

Dirac homogeneous spaces of Dirac Lie groups are defined in section 2] and their first geometric properties 
are proved. Our main theorem about the correspondence between (integrable) Dirac homogeneous spaces of a 
(integrable) Dirac lie group and Lagrangian subspaces (subalgebras) of q © g* is proved there, too. 

In section [51 we study the special class of Dirac Lie groups where the characteristic subgroup N is closed in the 
Lie group G, and the corresponding Dirac homogeneous spaces. 

Acknowledgments The author would like to thank Professor Jiang Hua Lu for many interesting questions, dis- 
cussions and advises, especially for the discussion on cocycles at the end of Subsection l3.21 Professor Karl-Hermann 
Neeb for the examples in Section [SJ and Professor Tudor Ratiu for many interesting discussions and advice. Many 
thanks go also to the referee for his useful comments. 

Notations and conventions Let M be a smooth manifold. We will denote by X(M) and J7 1 (M) the sheaves 
of smooth local sections of the tangent and the cotangent bundle, respectively. For an arbitrary vector bundle 
E — > M, the sheaf of local sections of E will be written F(E). We will write Dom(cr) for the open subset of the 
smooth manifold M where the local section a g T(E) is defined. 

We will write D © A for the direct sum of a subbundle 2) of TM and a subbundle A of T*M . We choose this 
notation to distinguish s u ch a direct sum from a direct sum of subbundles of the same vector bundle. Following 
Yoshimura and Marsden (2006), we will call the direct sum Pm := TM ©T*M the Pontryagin bundle on the 



manifold M. 

2 Generalities on Dirac structures 
2.1 Dirac structures 

The Pontryagin bundle Pm = TM © T*M of a smooth manifold M is endowed with a non-degenerate symmetric 
fiberwise bilinear form of signature (dim M, dim M) given by 

Pm)) ■= (Pm,Um) + {a mi v m ) (1) 



for all u m , v m € T m M and a m , f3 m G T^M . A Dirac structure (see Courand ( 1990h ) on M is a Lagrangian vector 



subbundle D C Pm- That is, D coincides with its orthogonal relative to (TTJ) and so its fibers are necessarily 
dim M-dimensional. The pair (M, D) is then called a Dirac manifold. 

Let (M, D) be a Dirac manifold. For each m £ M, the Dirac structure D defines two subspaces Go(m), Gi(m) C 
T m M by 

G (m) := {v m G T m M \ (v m ,0) e D(m)} and Gi(m) := {v m e T m M \3a m e T* m M : (v m ,a m ) £ D(m)} , 

and two subspaces Po(m),Pi(m) C T*M defined analogously. The distributions Go — U m6 MGo(m) and Po = 
U m eA/Po(w) are not necessarily smooth. The distributions Gi = U m gMGi(m) (respectively Pi = U me MPi(w)) are 
smooth since they are the projections on TM (respectively T* M) of D. 
We have the equalities 

P (m) = Gi(m)°, G (m) = Pi(m)°, Pi(m) = G (m)°, Gi(m) C P (m)°. 
The space T(Pm) of local sections of the Pontryagin bundle is endowed with a skew-symmetric bracket given by 
[(X,a),{Y,0)] := ([X,Y],£ x p- £ Y a+~d(a(Y)-P(X)) \ = ([X, Y], £ x p - i Y da - {(X, a), (Y,0))\ 
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(see ICourantJ (|l99dh ^ . This bracket is R-bilinear (in the sense that [ai(X±,ai) + a 2 {X 2 , ai 2 ), (Y, (3)] 
= ai[(XL,ai), (Y,/3)] + a 2 [(X 2 ,a 2 ), (Y,j3)] for all a 1} a 2 G R and (X 1 ,a 1 ), (X 2 ,a 2 ), (Y, (3) G T(P M ) on the common 
domain of definition of the three sections) and does not in general satisfy the Jacobi identity. 

The Dirac structure D is integrable if [r(D),T(D)] C T(D). Since ((X, a), (Y, (3)) = if (X, a), (Y,/3) £ T(D), 
integrability of the Dirac structure is expressed relative to a non-skew-symmetric bracket that differs from (|2.1[) 
by eliminating in the second line the th ird term of the s econd component. This truncated expression is called the 
Courant-Dorfman or Dorfman bracket ( Dorfman ( 19931 )): 



[(X, a), (Y, (3)] ([X, Y], £ x f3 - i Y da) . 



(2) 



The restriction of the Courant bracket to the sections of an integrable Dirac structure is skew-symmetric and 
satisfies the Jacobi identity. It satisfies also the Leibnitz-rule: 



[{X, a), f(Y, 13)} = f[(X, a), (Y, /3)] + X(f) ■ (Y, 0) 



(3) 



for all (X,a), (Y,/3) G P(D) and / € C°°(M). 

The Dirac manifold (M, D) is integrable if and only if the tensor Tq defined on sections (X, a), (Y, f3), (Z, 7) of 

D by To ((X, a), (Y, {3), (Z, 7)^ = ([(X, a), (Y,P)], {Z,-))\ vanishes identically on M (see lCourantl (|l990h ). 



The class of Dirac structures presented in the next example will be very important in the following. 

Example 2.1 Let M be a smooth manifold endowed with a globally defined bivector field tt G V ^/\ 2 TM^j . Then 
the subdistribution C P M defined by 

D^(m) = {(7r tt (a),a)(m) | a £ fi x (M), Dom(a) 3 m) for all m £ M, 

where tt» : T*M TM is defined by tt^ck) = 7r(a, ■) G X(M) for all a e f2 x (M), is a Dirac structure on M. It is 
integrable if and only if the bivector field satisfies [tt, tt] = 0, that is, if and only if (M, 71") is a Poisson manifold. 

Note that for this class of Dirac manifolds, Td^ is a 3-tensor on T*M since each se ction of Pi = T*M corres ponds 
to exactly one sect ion of D^. Th e equality 2 • Tq^ = [tt,tt] (compare (1.82) in iDufour and Zune ( 2005 ) with 
Proposition 2.5.3 in ICourantl (119901) ). where [• , •] is the Schouten bracket, shows that tt is a Poisson bivector if and 
only if is integrable. 



The product of two Dirac manifolds. Let (M, Dm) and (N, D^r) be Dirac manifolds. Consider the product 
M x N. We identify in the following always (without mentioning it) the tangent space T(M x N) with TM (BTN, 
and write (y p , w q ) for the elements of T( p ^(M x N) = T p M © T q N . That is, an element of X(M x N) is written 
(X, Y) with X G X(M) and Y £ X{N). We identify in the same manner T*(M x N) with T*M © T*N. 

The product Dirac structure Dm © D^r on M x N is the direct sum of Dm and Dry. the pair ((X, Y), (a, /?)) is 
a section of D M © D N if and only if (X,a) G T(D M ) and (Y,j3) € r(Djv). 

The Dirac manifold (M x N, Dm © Djv) is integrable if and only if (M, Dm) and (N, Djv) are integrable. 



Maps in the Dirac category. Let (M, Dm) and (TV, Djv) be smooth Dirac manifolds and <p : M — > N a smooth 
map. The map <p is said to be backward Dirac if for all (X, a) G L(Dm) there exists (Y,/3) G L(Djv) such that 

X ^ v Y and a = (p*/3. 

The map y is said to be forward Dirac if for all (Y, /3) G L(Dtv) there exists (X, a) £ L(Dm) such that 

X ^ v Y and a = <p*/3. 



Symmetries of a Dirac manifold (M, D). Let G be a Lie group and $ : G X M — > M a smooth left action. 
Then G is called a symmetry Lie group of {M, D) if for every g £ G the condition {X, a) £ T(D) implies that 
(®* g X, &* g ct) £ r(D). We say then that the Lie group G acts canonically or by Dirac actions on M. 

Let g be a Lie algebra and x £ g H> ij/ G X(Af) be a smooth left Lie algebra action, that is, the map 
(m, x) £ M x g m> XM(m) £ TM is smooth and i£g4 ij; G X(M) is a Lie algebra anti-homomorphism. The 
Lie algebra g is said to be a symmetry Lie algebra of (M, D) if for every x £ g the condition (X, a) £ T(D) implies 
that (£ XM X, £ XM a) £ T(D). Of course, if g is the Lie algebra of G and x xm the infinitesimal action map 
induced by the G-action on M, then if G is a symmetry Lie group of D it follows that g is a symmetry Lie algebra 
of D. 
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Regular reduction of Dirac structures by Lie group actions Assume that we have a canonical free and proper 
G-action on the Dirac manifold (M, D). Let V be the vertical space of the action, that is, the vector subbundle 
of TM spanned by the fundamental vector fields Xm, x£ J, where g is the Lie algebra of the Lie group G. Set 
X := V Q {0} C P M and consider its smooth orthogonal X 1 - C P y relative to th e brack et < • , • > on Pm. Then 
both vector bundles D and X are G-invariant and it is shown in Jotz and Ratiu (2008) following iBursztvn et al.l 
(|2007l ) that, under the assumption that D n X 1 - is a vector bundle on M, the "quotient" 

0„,c= lDnX x , + X /G (4) 

defines a Dirac structure on M/G, called the reduced Dirac structure. The formulation of this in terms of smooth 
sections is the following: the reduced Dirac structure on Mj G is given by 

D M/G = span {(X, a) G T(P M/G ) \3X G X(Af) such that X ~ g X and (X,q*a) G T(D) } , (5) 

where q : M — > M/G is the quotient map (see Blankensteinl (|2000l ) . iBlankenstein and van der Schafti (1200 lh ). 

The Dirac structure Dm/g is then the forward Dirac image q(D) of D under q. Note that the pullback Dirac 
structure or backward Dirac image q*D M / G of a Dirac bundle &m/G 5= Pm/g under q, defined on M by 

T (q*D M/G ) = {(X,a) G r(P M ) \3(X,a) G r(D M/G ) such that X ~ q X,a = q*a}, 

is a Dirac structure on M. It is easy to check that D and q*(q(D)) are equal if and only if we have the inclusion 
V C Gq. The equality q(q* D M / G )) = D M / G holds for any Dirac structure D M / G on M/G. 



2.2 Invariant Dirac structures on a Lie group 

Definition 2.2 A Dirac structure D C TG ©TG* on a Lie group G is called left invariant if it is invariant under 
the action of G on TG © TG* induced from the left action of G on itself. That is, if for all g,h G G and all 
{v gi a g ) G D(g) we have (T g L h v g , (T hg L h -i)*a g ) G D(hg). 

In the same manner, a Dirac structure D on a Lie group G is called right invariant if it is invariant under the 
action on TG © TG* induced from the right action of G on itself. 

Let G be a Lie group with Lie algebra g and let 2) be a Dirac subspace of g © g*, that is, J) is a vector subspace 
of © g* that is orthogonal to itself relative to the pairing (• , -) fl defined on g © g* by ((x, £), (y, rj)) B = rj(x) +£(y) 
for all x, y G g and £, rj G g* . We set 

Qo-={xeg \ (x, 0) G D}, fli := {x G fl | 3£ G g* : (x, G D}, 
Po := {Cefl* | (0,0 e 3)}, and Pl := G fl* | 3a; G : (x, G D}. 
Then we have gg = pi, p? = g ,g? = po, and pg = g x . 

Let J) be a Dirac subspace of g © g*, and define D L on G by 

T) L (g) = {(T e L g x, (T g L g -i)*£) \ (x,£) G D} 

for all jgG. Then S) L is a left invariant Dirac structure on G. Conversely, if D is a left- invariant Dirac structure 
on a Lie group G, then D = 1> L , where ID := D(e) C g © g*. 

The next proposition shows that the integrability of T) L depends only on 35 (see also iMilburnl (|2007h ). 

Proposition 2.3 The Dirac structureD L is integrable if and only if Q([x, y}) + £([y, z\) + t]([z, x]) = for all pairs 
(x,i),(y,r)) and (z,Q G T>. 

Proof: Recall that D L is integrable if for all sections (X, a), (Y,/3) € r(£) L ), we have [(X, a), (Y, /?)] = ([X,Y],£ x fi- 
i Y da) G r(£» L ). 

By ([3]), it suffices to show this for a set of spanning sections of D L . For (x, G D, the left invariant pair (x L , £ L ), 
defined by (x L (g), £ L (g)) = (T e L g x, (T g L g -i)*t) for all g G G, is a section of D L . Choose (a:,£)) (j/,^) an d (^,C) e 
D. Then we have [a; L ,y L ] = [x, y] L by definition of the Lie bracket in g, £ x lij l — (ad* x n) L , i y L<i^ L = (ad* £) L , 
where for £ G g* and x G g, the element ad* £ G g* is defined by ad* £(y) = £([y, x]) for all J/ G g. We get 

<([x,y] i ,i: ;c L77 i - vd£ L ) , (z i ,C i )) - C([as,y]) + »?([«, a;]) 

Hence, since the sections (z L ,£ L ), for all (z,Q G 2), are spanning sections for we conclude that 

[(x L ,£ L ), (y L ,V L )} = ([») y] L ,ixidry L - i y id£ L ) is a section of D L if and only if ({[x,y]) +n([z,x]) +£{[y,z]) = 
for all (z, C) G D. □ 

Note that we have shown simultaneously that if D L is integrable, then go and gi are Lie subalgebras of g. Since 
Go and Gi are here obviously equal to g$ and gf , respectively, we recover the fact that both distributions are then 
integrable. 
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3 Dirac Lie groups 
3.1 Definitions 

Definition 3.1 A Dirac Lie group is a Lie group G endowed with a Dirac structure Dq C TG ©T*G such that 
the group multiplication map 

m:(GxG,D G ffiD G )-4(G,D G ) 
is a forward Dirac map. The Dirac structure Dq on G is called multiplicative if it satisfies this condition. 

More explicitly, there exist for all g,h G G and pairs (v g h,a g h) in Dc(gh), two pairs (w g ,/3 g ) G Dc(g) and 
{uh,Jh) G Dc(h) such that 

T(g th )m{w g ,Uh) =v g h and (/3 9 ,7ft) = (T( g ,h)m)* a gh . 

That is, we have 

ThL g Uh + TgR h w g = v gh G T gh G and (P g ,Jh) = a gh ° T^j^m, 
which is equivalent to the following: for all (x gi yh) G Ti g ^\{G x G), we have 

(3g(x g ) + jh(yh) = (0g,lh)(xg,yh) = u gh (T h L g y h + T g R h x g ). 

Hence, we have in particular f3 g = (T g Rh)*a g h and 7/j = (ThL g )*a g h- 

The next example shows that Dirac Lie groups generalize Poisson Lie groups to the category of Dirac manifolds. 



Example 3.2 Let (G, tt) be a Lie group endowed with a bivector field tt G L(/\ 2 TM), and let (G, D„) be the 



associated Dirac structure as in Example 12.11 We show that tt is multiplicative (see Lu and Weinsteinl (|l990l) ) if 
and only if (G, D T ) is a Dirac Lie group. The bivector field tt is multiplicative if and only if ir(gh) = ThL g {iT{h)) + 
T g R h (n(g)) for all 5, fee G. For / G G°°(G), we define X f := 7r(-,d/) = -w*(df) G X(G). Then the pair df) 
is a section of D?,-. Choose (-Xf(gh),df gh ) G ^^(gh) and consider d(R* h f) g G T S G* and d(L*f) h G TftG*. Then 
we have (-X R * f (g),d(R* h f) g ) G D^^) and (-X L , f (h) 7 d(L* g f) h ) G D Tr (/i). This yields for an arbitrary a g7l in 
T* gh G: 

a gh (T g R h X RU (g) + T h L g X Lp {h)) =7r(g)(a gh o T s i?, l5 (i^d/) ff ) + *r(*)(°W, T '^ 9 ' 

=(T g R h Tr(g))(a g h,df g h) + (T h Lgir(h))(a gh ,df gh ). 

The last sum is equal to n(gh)(a g h,df g h) = a g u (Xf(gh)) for all / G G°°(G) if and only if tt is multiplicative. 
Hence, the equality T g R h (-X R * f (g)) + T h L g (-X L , f (h)) = -X f (gh) holds for all / G G°°(G) if and only if tt is 
multiplicative. Since (—Xf(gh),df g h) was an arbitrary clement of D n (gh), we have shown that (G, D ff ) is a Dirac 
Lie group if and only if (G, tt) is multiplicative. Thus, (G, D ff ) is an integrable Dirac Lie group if and only if (G, 71") 
is a Poisson Lie group. <0 

Note that the Dirac structure associated to the trivial Poisson structure on G is given by Do = {0} QTG*. Since 
a Lie group endowed with the trivial Poisson structure n = on G is always a Poisson Lie group, this shows that 
(G, {0} ©TG*) is a (integrable) Dirac Lie group. This can also be checked directly from the definition. 

The Dirac Lie group as a subgroupoid of the Pontryagin bundle An other approach to Dirac Lie groups can 



be found in Ortid (2008). For the sake of completeness, we show that both definitions are equivalent. For this, we 
have to introduce the groupoid structure on the Pontryagin bundle of a Lie group. 

Let G be a Lie group. Then its Pontryagin bundle Pq has the structure of a Lie groupoid over g* as follows. 
The target and source maps t and s are defined by 

t: TG © TG* fl* , s : TGQTG* -> g* 

(v g ,a g ) eTgGxTgG* ^ (T e R g )*a g (v g , a g ) G T g G x TgG* M- (T e L g )*a g ■ 

If s(v g , a g ) = t(wh,/3h), then the product (v g , a g ) * {wh, Ph) makes sense and is equal to 

(v g ,a g )*(w h ,Ph) = (TgR h v g + T h LgW h ,(Tg h R h -i)*a g ) = (T g R h v g + T h L g w h , (T gh L g -i)* (3 h ) . 

The identity map u : g* — > Pq is given by u(£) = (0,£) G g ©0* and the inverse map i : Pq — > Pq is defined by 

i : (v g ,a g ) ^ (-T g (Lg-xR g -i)v g ,T g (L g Rg-x)*a g ). 



G 



Given this definition, it is easy to verify that the graph C P G of a Poisson structure on the Lie group G is 
mult iplicat i ve if a nd only if D w is a subgroupoid of the Pontryagin groupoid. 

In Ortiz (2008), a Dirac Lie group is hence defined as follows: a Dirac structure Dq on a Lie group is called 



multiplicative if Dq is a subgroupoid of the Pontryagin groupoid. The pair (G, Dq) is then called a Dirac Lie group. 
It is easy to prove that the two definitions of a multiplicative Dirac structure on G are equivalent. 



Rema rk 3.3 The behavior of the Cartan Dirac structure under group multiplication is studied in lAlekseev et al 



(2009). This interesting example of a Dirac structure on a Lie gro up is defined on a Lie g roup G with Lie algebra g 



endowed with a bilinear, symmetric Ad-invariant bilinear form fsee lAlekseev et al.l (|2009l) and references therein). A 



3.2 Geometric properties of Dirac Lie groups 

In this section and the following, (G, Dq) will always be a Dirac Lie group. We denote by gi := Gi(e), go : = Go(e), 
pi := Pi(e) and po : = Po(e) the smooth characteristic dis tribut i ons ey aluated at the neutral element e of G. 
The following result has been shown independently bv lOrtid (l2008h . 



Proposition 3.4 Let (G, Dq) be a Dirac Lie group. The associated codistribution (respectively distribution) Pi 
(respectively Go) has constant rank on G, and is given by Pi = pf = p^ (respectively Go — Qq — Qq')- 



Proof: We use the definition of Ortiz ( 20091) . If v g is an element of Go(g), we have (v g ,0 g ) G Dg(<?) and 



t(v g ,0 g ) = s{v gi g ) = G g* . Thus , since (0 g -i,0 g -i) G D G (g r ), we have (0 9 -i, 9 -i) * (v g , 9 ) G D G (e) 
and (v g ,0 g ) * (0 9 -i,0 9 -i) G Dq(c). But it is easy to see that g -i * v g — T^ g -i g )m{Q g -i,v g ) = T g L g -iv g and 
v g * g -i = T g R g -iv g , and we get (T g L g ~iVg,0 e ) G D q (e) and (T g R g -iv g ,0 e ) G Dq(c). We have thus shown 
that TgLg-iGo(g) C g and T g R g -iGo{g) C g . Conversely, if a; € go, then (x, 0) € D<3(e) and (T e L g x,0 g ) = 
(0 g , g ) * (x, 0) G Dc(g) and (T e R g x,0 g ) = (x, 0) * (0 9 , 9 ) G Dc(g). Thus, we have shown the equalities Go(g) = 
T e L g Q$ = T e R g Qo and Go has constant rank on G. 

As a consequence, Pi, which is the annihilator of Go, has also constant rank on G. The following equality follows 
easily: 

Pi = G o o = (0 o L ) O = (0^) i = pf, 
and we get in the same manner Pi = p^. □ 

We have the immediate corollaries: 

Corollary 3.5 The subspaces Qo C q and pi C g* satisfy Ad* pi = pi, Ad 9 go = 0o for all g G G. Consequently, 
we have ad* pi C pi for all x £ g and go is an ideal in g. 

PROOF: We have Pi = pf = pf and G = g^ = 0o by Proposition [331 Then, for all g € G and £ G pi, the 
covector {T g L g -i)*^ is an element of Pi(g) and there exists n G pi such that (T g L g -i)*^ — (T g R g -i)*r]. This yields 
Ad*-i £ = n G pi and pi is consequently Ad*-i-invariant for all g G G. In the same manner, we show that go is 
Adg-invariant for all g G G. 

This yields by derivation ad* £ G pi for all £ G pi and a.d x z G go for all z G go and x G g. The inclusion 
[q, So] C go holds then and shows that go is an ideal of g. □ 

If G is a simple Lie group, the ideal go is either trivial or equal to g and we get the following corollary. 

Corollary 3.6 // (G, Dq) is a simple Dirac Lie group, the Dirac structure Dq is either the graph of the vector 
bundle homomorphism T*G — > TG induced by a multiplicative bivector field on G, or the trivial tangent Dirac 
structure Dq = TG © {0}. 

We have also the following proposition. 

Proposition 3.7 Let (G,Dq) be a Dirac Lie group. Then we have Dq(c) = go ©pi- Consequently, the equality 
a e (Y(e)) — = /3 e (X(e)) holds for all sections (X, a) and (Y, j3) of Dq defined on a neighborhood of the neutral 
element e. 

PROOF: Choose (x, £) G D G (e). Then we have s(a;, £) = £ G g* and hence u(£) = (0, £) = (x, £) _1 * (x, £) G Dc(e). 
Hence, (x,0) = (x, £) — (0,£) is also an element of Dq(c) and x G go- This shows that D G (e) C g x pi and also 
pi = po- Because of this last equality, the inclusion g x pi C Dc(e) is obvious. □ 

Lemma 3.8 The subbundle Gq C TG is involutive and hence integrable, and Pi is spanned by exact one-forms. 
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Proof: Recall first that pf = Pi and Qq = Go by Proposition ^. 4[ and that both distributions have hence constant 
rank on G. Since g is an ideal of g, we have in particular [go, go] C g , and Go is thus integrable in the sense of 
Frobenius. 

Any g £ G lies in a foliated chart domain U described by coordinates (x 1 , . . . , x n ) such that the first k among 
them define the local integral manifold of Go containing g. Thus, for any g' £ U the basis vector fields d x i, . . . , d x k 
evaluated at g' span Go(g'). Since Pi = Go°, the codistribution Pi is spanned by dx k+1 , . . . ,dx n on the neighbor- 
hood Uofg. □ 

Remark 3.9 Since go is an ideal in g, the integral leaf N of Go through e £ G is a normal subgroup of G. If N is 
in addition closed in G, its (left- or right-) action on G is proper. 

We will see later that in certain cases (for example when the Dirac Lie group is integrable), the induced action 
of N on (G, Dg) is canonical. Also, since V/v := g^ = Qo is the vertical space of the action of N on G, it is 
easy to see that Dg n OCj^ = Dq and this intersection has consequently constant rank on G (recall the paragraph 
about regular reduction of symmetric Dirac structures in Section [2. ip . If N is closed in G, we can hence build the 
quotient : G — > G/N and (G/N,q^(Da)) will be shown later to be a Dirac manifold with q^iPo) the graph of 
a multiplicative bivector field on G/N. In particular, if (G, Dg) is integrable, the quotient (G/A, <2jv(Dg)) will be 
a Poisson Lie group. A 



Consider a Lie group G an d p : G — > G i ts universal covering. Then there exists a discrete normal subgroup F 



of G such that G = G/F (see Knappl ( 20021) ). The following proposition is easy to prove 



Proposition 3.10 Let Dq be a multiplicative (integrable) Dirac structure on G. 
Dg := p*Dq is a (integrable) multiplicative Dirac structure on G. 



Then the pullback Dirac structure 



Remark 3.11 The integral leaf N through e £ G of the c haracteristic distribution Go defined by Dg on G is 
normal in G and hence closed since G is simply connected (see Hilgert and Neeb ( 199ll )l Hence, the quotient G/N 
is here always well-defined. 



Example 3.12 Let G be a connected Lie group. 
produc t g = s radg with s semi-simple and 



A 



The Lie algebra g of G can be Levi-decomposed as the semi-direct 
> : s — > Der(radg) a Lie algebra homomorphism (see for instance 



Knappl (l2002h L 

The ideal radg of g is a solvable ideal of g and its integral leaf R is closed in G (see Hilgert and Neeb ( 199lh ) . 
The quotient G/R is then a semi-simple Lie group. Let q^ : G — > G/R b e the projection and tt be the stand ard 
multip licative Poisson structure on the semi-simple Lie group G/R (see lEtingof and Schiffmann ( 2002 ) and iLul 
(1990)). The pullback q^D^ is an integrable Dirac structure on G. Its characteristic distribution is the left or right 



invariant image of the ideal go = radg of g and the action of the integral leaf R of Go on (G, q^D^) is canonical, 
the Poisson Lie group associated to this Dirac Lie group as in Remark I5T91 is obviously (G/R, it). 



The following lemma will be useful for many proofs in this paper. We will always use the following notation. If 
£ is an element of the subspace pi C g*, then the one-form £ L is a section of Pi by Proposition 13.41 We denote 
by £ X(G) a vector field satisfying (X^,£ L ) £ T(Dg). The vector field X^ is not necessarily unique: all 
Y £ X^+ r(G ) satisfy the condition (Y,£ L ) £ F(D G ). 

Lemma 3.13 Choose £ £ pi and corresponding vector fields Xc and X^d* f for h £ G. Then the inclusion 

X e {gh) £ T h L g X ( (h)+T g R h X Ad * *(g) + Go(gh) (6) 

h L 

holds for all g £ G. 

Remark 3.14 If Y" c and F A dj« € X(G) are such that (Y^,^ R ), (Y A d* h £, (Ad* h £) R ) € r ( D c), then we can show in 
the same manner 

Y ( (hg) £ T g L h Y Ad% dg) + T h R g Y £ (h) + G (hg) 

for all g £ G. A 

Proof: Since (G, Dq) is a Dirac Lie group and (X^(gh),^ L (gh)) £ Do(gh), there exist w g £ T g G and Uh £ Ty L G 
such that 

(w g , {T g R h )*t L {gh)) £ D G {g), (u h , (T h L g )* £ L (gh)) £ D G (h) and T g R h w g +T h L g u h - X^gh). 
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But since 
we have 



{T g R h )*e(9h) = (Ad*-, Z) L (g) and (T h L g yt L {gh) = ?(h), 



w g - X Ad * z(g) G G (g) and u h - X^(h) £ G (h). 

h 1 

With the equalities Gq = Qq = Qq, this proves the claim. 



□ 



Proposition 3.15 Let £ and rj be elements of pi and X^,X V £ X(G) corresponding vector fields. The one-form 
£xfT] L — ix„ d£ L is left invariant and equal to (d e (j] L (JQ))) L . 

Proof: Choose i£g and, using the preceding Lemma, compute 

(£ X ^ L - i Xv d£ L ) (x L )(g) 
= Xz( V L (x L ))(g) + n L (£ xL X^){g) - X v (t L (x L ))(g) + x L (t L (X v )){g) - t L (£ x zX v )(g) 



)Rex P (-tx)X^(gexp(tx)) ) +{£ x l^ ){X v )(g) 



t=0 



Op d 

~ di 



t=0 



T OX p(tx)R C x P (-tx)Xz(exp(tx)) + (ad*£) (X v )(g) 



t=o 



d 
di 



□ 



= - (ad:0 L (X v )(9) + £ a t (v L (X^) (e) - (£ xL ri L )(X e )(e) + (ad*, L (^)(ff) = d e (^ L (^)) (a:), 

where we have used Proposition 13.71 and (£ x Lrj L ) = (ad* n) L £ r(Pj) by Corollary [33] 

Definition 3.16 Let (G, Dq) be a Dirac Lie group. Define the bilinear, antisymmetric bracket 

[.,■]: pi X J>i -> fl* [£, 77] = d^pQ)) , 

where X^ £ X(G) is such that (X^,t L ) £ T(Dc). That is, we set the notation £ x ( f] L — ix d£ L =: [t,i]] and hence 
[(X 4 ,C L ), (X v ,r) L )} = ([Xz,X v ], [£,r;] L ) for all t,V £ Pl . 

Note that [t,v] does not depend on the choice of the vector field X^. Indeed, if Y% £ X(G) is an other vector field 
such that (Y S ,Z L ) £ T(D G ), we have Y ( - X 5 G T(G ) and hence n L {X{) = n L ((X i - Y s ) + Y s )) = n L (Y^) since 

v L e r(Pi). 

The bilinearity of the bracket is obvious. For the antisymmetry, choose £, 77 G pi- Then we have £, L (X V ) + 
r] L (X^) = since (X^,t L ) and (X v ,r] L ) are sections of Dq, and this leads to 

for,] = d e (r^{X € )) = d e {-t L (X v )) = -fat]. 

As a direct corollary of Proposition ^. 151 we recover the fact that every multiplicative Dirac structure on a torus 
is trivial. 

Corollary 3.17 Consider an Abelian Dirac Lie group (G, Dq) and choose x in the Lie algebra q. Then the equality 

{v L (Xz)) (g ■ exp(te)) = [t,v](tx) + {v L (Xt)) (9) 

holds for all g £ G and t £ R. 

As a consequence, if Dx« is a multiplicative Dirac structure on the n-torus R ra /Z" , then Djn is the direct sum 

D T n = G ©Pl. 

Proof: We have shown in Proposition 13.151 that £x,J] L — ix,,£ L = [£, v] L is a left-invariant one-form on G. We 
have for all t, V G pi and x £ q: 

[t,T]} L (x L ) =(£ X( n L - i Xri dt L )(x L ) = r) L (£ x LX £ ) + (£ x l£, l )(X v ) (see the proof of Proposition l3~T5)) 
= x L ( V L (X i )) - (£ X ,77 L )(A^) + (£ x Lt L )(X v ) 

= x L (r, L (X £ )) - ( a d* x r,) L (X 6 ) + ( a dU) L (X v ) = x L {n L {X^)) (7) 
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since ad* £ = ad* rj = because g is Abelian. We get d(rj L (X^)) — [S,,ri] L and the equality 4t R *e*v(tx)f ~ 
^xp( te ) (^/) for all / e C°°(G) yields 

j t (rf(Xt)) ( 5 exp(te)) = R* exp(tx) (x L ( n L (<?) i i? c * xp(te) ([£*)) = [f, ,,](*) 
for all .9 G G and i G R. We get 

(ffexp(te)) = [£,»j](aO •* + (?7 L (X e )) fo) = K,»/](te) + (r?^)) (g). 
On the n-dimensional torus T™, we have exp(tx) = tx + Z" for all a; G g = M" and all (eK. This yields 

(r^pQ)) (exp(te)) = K,^](te) + (v L (Xs)) (0) = for;] (to) 

for all x € R™ and all < € R. But since the function (rj L (X e )) is well-defined on T" = K n /Z n , the equality 
[£, 77] (ix) = [£, + z) has to hold for all x G R", iel and z G Z n . This leads to [£, 77] = and hence ^(Xj) is 
constant and equal to its value at the neutral element; r/ L (X^)(0) — rj(X^(0)) = for all £,77 G pi by Proposition 
13.71 Thus, each spanning vector field X^, £ G pi, of Gi is annihilated by Pi and is consequently a section of Go. □ 

The next proposition shows that the value of [£,77], for £,77 G pi, can be computed with any two one- forms in 
r(Pi) taking value £, 77 in e. 

Proposition 3.18 Let a, /3 G T(Pi) 6e such that a(e) = £ and /3(e) = 77 € pi - TTierc we have 

[£,r,]=d e (/3(X Q )), 
where X a G £(G) is sttc/z i/zai (X a ,a) G r(Dc). 

PROOF: First, we show that £^0; G T(Pi) for all a G I\Pi). For all g, h G G we have (L*a)(/i) = o T/,L 9 = 
{ThLg)* a g h- This is an element of Pi(h) since a g /i G Pi{gh) and Pi is left-invariant by Proposition 13.41 Thus, we 
get 

(£ x na)(h) = (i: xp(te) a)(/i) G Pi(ft) 

since (iex P (tx) a )(^) e f° r au Choose i£g and compute 

K,»?](a;) = x«(r7 L pQ))(e) = r7(£ x «X e (e)) = /3(e)(£ x «X e (e)) = z*(/3(X s )) - (£ x «/3)(X e )(e) = -x R ^ L (X p ))(e) 
= -£{£ x nX p {e)) = -a(e)(£ xR X p (e)) = -£ xR (a(X p ))(e) + (£ x na){Xp)(e) = d e (j3(X a ))(x) 

In the fifth and ninth equalities, we have used the fact that £ x na, £ x r/3 G T(Pi) and Proposition ^. 71 □ 



The next lemma holds for integrable Dirac Lie groups, and is in general not true if the Dirac Lie group (G, Do) 
is not integrable, as shows the example following it. Recall that N is the normal subgroup of G defined by the 
integral leaf through e of the integrable subbundlc Go C TG. 

Lemma 3.19 If (G,Dq) is integrable, then we have (£ x lX,£ x lo) and (£ x rX, £ x rcx) G r(Dc) for all x G go 
and {X, a) G r(Df;) 7 and the pairs (i?* X, R* n a) and (L* X, L* a) are also elements ofT(Dc) for all n G N. 

Proof: The right and left invariant vector fields x R and x L defined on G by an element of go are sections of Go 
since we have shown in Proposition 13.41 that Go = Q R = g^ • If (G, Dq) is integrable, we have [(x L ,0), (X,a)] = 
(£^L X,£ rr La) and \ ( x R ,0) , (X, a)] = (£ x rX, £ x ro) G T(D G ) for all {X, a) G T(D G ). 
LO), 



In I Jotz and Ratiu ( 20101) , it is proved that an integrable Dirac structure D is conserved along the flow of the 



vector fields X G r(G ). 

For each x G go, the flow of x L is R C xp(tx) an d the flow of x R is Lexpftx)- Thus, we have 
( R L P (tx) X > R lMtx) a } and ( jL oxp(tx) X ' i c Xp (tx) a ) e r ( D c)- This yields the claim since N is generated as a group 
by the elements exp(te), x G go and small t. □ 

Example 3.20 Consider the Dirac structure Dr3 defined on the Lie group R 3 as the span of the sections 

(9 a ,0), (zd x ,dy), (-zd y ,dx) 

of Pr3. It is easy to show that (R 3 , Dr3) is a Dirac Lie group (see also Corollary 13.171 for a description of the 
multiplicative Dirac structures on R n ). It is not integrable because, for instance, the bracket of (<9 2 , 0) and (zd x , dy) 
is equal to (d x , 0), which is not a section of D R 3. The Dirac structure is obviously not invariant under the action 
of N = {(0,0)} x R onR 3 . 
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The following theorem shows how to decide if the action of N on (G, Dq) is canonical. 

Theorem 3.21 The Dirac Lie group (G, Dq) is N -invariant if and only if the bracket [-, ■] defined in Definition 
1 3. 1 61 has image in pi. 

Example 3.22 Consider again Example l3.201 The bracket on pi = span{da;(0), dy(0)} is given by [dy(0), dx(0)] = 
do((dx)(zcy) = dz(0)£pi. o 

For the proof of this theorem, we need to introduce a new notation and show a lemma, that will also be useful 
in the following. 

Definition 3.23 Choose £ £ pi and x E g. Then the elements 

ad*£epi and ad*- x E p{ = g/g 
are defined by (ad* £)(y) = x\) for all y E g, and (adj x){rj) = [77, £](x) for all r\ E pi. 
Note that ad* £ is an element of pi by Corollary 13. 51 

Lemma 3.24 Choose £ E pi and X^ E X(G) such that (Xj,£ L ) G T(Dg). Then we have for all x E g: 

(£ x LX^)(e) + g = - adj x E g/g 

and consequently 

£ x lX^ e (-ad^) L +X ad ^+r(G ) (8) 

for all g E G. 

Proof: Choose 77 E pi and compute 

T)((£ x LXz)(e)) = £ xL ( V L (Xs))(e)- (£ xLT] L )(X^(e) = [£, 77] (x) - = rj (- ad^ x). 

This yields the first equality. Using this and the proof of Proposition 13. 151 we get: 

V L (£ x lXs) = - (ad; L (X V ) + V (£^X 6 (e)) = V L (X adJ { ) + V L ((- adj x) L ) = V L (X ad * £ + (- ad*- x) L ) . 

Since the left-invariant one-forms n L , for all rj E pi, span T(Pi) as a C°°(G)-modulc, 
we have a (£ x lX^) — a (X ad * £ — (ad*- x) L ) for all a E P(Pi), and hence we are done because Go = Pi°. □ 

Remark 3.25 Note that if x is an element of go, we have (£ x lX^, £ x l^ l ) = [(x L ,0), (X^,^ L )) E T(Dc) if Dc is 
integrable. Since x lies in the ideal go and £ E pi = g^, we have ad*. £ = 0, thus £ x l£ l — (&d x £) L = and we get 
£ x lX^ e T(Go). 

With Lemma f3. 241 we can show that this is true without the assumption that Dq is integrable; we need only the 
hypothesis that the bracket on pi has image in pi. We have then 

£ x lX 6 e X ad - £ - (adj x) L + r(G ) = X - (ad*- x) L + r(G ) = r(G ). 

The vector field Xq is indeed an element of r(Go) by definition, and for all rj € pi, we have (ad*- x)(rj) = [77, £](x) = 
since [rj. £] E pi and x E go, which shows that ad*- x is trivial in g/go and thus (ad £ x) L E r(Go). A 

PROOF (of Theorem 13.21]) : If the right action of N on (G, D G ) is canonical, we have (i?*X £ , i?* £ L ) E T(D G ) 
for all n E N and £ E pi. This yields (£ x lX^ 7 £ x l£ l ) E r(D G ) for all x E go- Since D G (e) = go X pi, we get 
£ x hX^{e) E go- Hence, we have [£, 7j](x) = x L (n L (X^))(e) = (a.d x n)(X^(e)) + ij{£ x hX^(e)) = for all £,77 E pi 
and x E go and consequently [£,77] E pi. 

Conversely, if [£, 77] E pi for all £, 77 E pi, we get £ x lX^ E T(Go) by Remark 13.251 Hence, recalling that ad*. £ = 
for x E go and £ E pi, we can compute 

j t ({K^ ( t x) Xi,K xp(tx) e), (x n , v L )) (g) = 1 (v l (9)(Km^ x ^) + (K, pi t^ L )(9)(x n (g))) 

= V L (K Mtx) (£ xL X^ (g) + (i? c * xp(te) (ad;e) L )(X,)(. 9 ) 
= VvTgLg- 1 T gcxp(tx) R cxp (_ tx) {£ x lX{) (gexp(tx)) 
= ( Ad ox P (^) V) L (£x^X^) {gexp(tx)) = 
since Ad* xp ( t2 .) r\ E pi and £ x lX^ E T(Go). But this yields 

((KMt*) X t> R *eMt*)^( X v> r > L )) (<?) = ((Kmo^ X ^ R ^p(o-^ L ),(X v ,V L )) (<?) = ((X C ,^),(X ; ,77 L )) (.g) = 

for all (el, which shows that (-Rexp(te)^C' ^expfta;)^ ' * s a sec ti°n of D G for all (eR. Hence, since N is generated 
as a group by the elements exp(/jx), for x E go and small t E K, the proof is finished. □ 
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The following theorem will be useful in the next section about integrable Dirac Lie groups. 
Theorem 3.26 The equality 

% rj\{[x, y]) =(ad; OK x) - (ad; OK y) + (ad^ 77) (ad*- y) - (ad; 77) (ad* x) (9) 
holds for all £, 77 £ pi and i,yeg. 

Proof: By Definition 13.161 we have [£, 77] ([a;, 77]) = (^(JQ)) (e) for any x,y 6 g and £,r) £ pi. Hence we 

can compute 

[Z,V]([X,V]) =[x,y] L (v L (Xt)) (e) = (^PQ)) {e)-£ yL £ xL ( V L (X S )) (e) 

=£ ai (£,^ L (X C ) + ^(iV^)) (e) - i> (£^77 L PQ) + r) L (£ x iXz)) (e) 
((ad; V ) L (X^ + r, L {- adj 7/) L + V L (x ad; c ) ) (e) 
- £ yL ((ad; 77) L (^) + V L (- ad* x) L + rj L (X ad , e )) (e). 

Since ?7 L (— ad^ y) L and 77 L (— adj x) L are constant functions on G, we get hence: 

[£,ri]([x,y]) =£ x l ((ad; 77)^) + V L (x ad;e )) (e) - i> ((ad, ry) L (X c ) + r, L (X ad ^)) (e) 

= (£ x L( a d* y r)) L (X 6 ) + (ad* yV ) L (£ x r.Xs) + (£ x l V l ) (x ad;s ) + V L (£ x ,X ad ^))(e) 

- (£ yL (ad; V ) L (X £ ) + (ad; r,) L {£ y tX{] + (£ yLV L ) (X adJ £ ) + 77 L ( V* adJ e )) (e) 
=(ad* ad; 77) (^(e)) - (ad; 77) (ad*- x) + (ad; 77) (x ad « s (e)) - 77 (ad* d , e x) 

- (^ ad; 7j)(X ? (e)) + (ad; 77) (ad*- 7/) - (ad; 77) (X ad » £ (e)) + 77 (ad; d » t yj . 

Since Dc(e) = go x pi and pi is ad;-invariant for all x £ g, the first, third, fifth and seventh terms of this sum 
vanish. Thus, we get 

[0 ^(fr, 2/]) = "(ad; ?7)(adJ x) - 7/ (ad ad , ( x) + (ad* 77) (ad*- 77) + 77 (ad ad . £ y) 
= ~ (ad; 77) (adj x) + [ad; £, 77] (x) + (ad; 77) (adj y) - [ad; 77] (y) 
= -(ad; 77) (ad* x) + (ad; OK x) + (ad; 77) (ad* y) - (ad; OK ^ D 

Remark 3.27 Equation (jH]) is equivalent to either one of the following equations for all x, y £ g and 77 £ pi: 

ad* ([£, 77]) = [ad; £, 77] - [ad; 77, £] + ad ad , x £ - ad ad . x 77, (10) 

ad|([x, y}) = [ad* x, 77] - [ad*- y, x] - ad* d . ? y + ad; d , £ x e p* = g/g (11) 

A 

Let (G, Dg) be a Dirac Lie group. Then the space /\ 2 b/Bo is a G-module via 

g ■ ((x + go) A (77 + g )) = (Ad 9 x + g ) A (Ad 9 y + g ) 

by Proposition 13.41 and by derivation, it is a g-module via 

z- ((x + g ) A (77 + g )) = ([z, x] + g ) A (77 + g ) + (x + g ) A ([z, y] + g ). 

Theorem 13.261 states then that the map 5 : g — > f\ 2 s/do defined as the dual map of [•,•] : /\ 2 pi -> g* is a Lie 
algebra 1-cocycle, that is, we have 

d([x,y}) = x ■ 5(y) - y ■ S(x) 

for all x,y £ q. Hence, we can associate to each Dirac Lie group (G, Da) an ideal go and a Lie algebra 1-cocycle 
5 : Q —> /\ b/qo- If (G, Dq) is a Dirac Lie group, then the map G : G — > /\ g/go defined by C(g)(^,i]) = 
77^ (Y^)(cjf) = — ^• R (F ?? )((7), where € X(G) is a vector field satisfying (3^,£ ) G T(Dg), is a Lie group 1-cocycle, 
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i.e., it satisfies C(gh) = C(g) + Ad g C(h) for all g, h £ G. The proof of this uses Remark 13.141 We have 
C(e) = € g/go A g/go by Proposition 13 . 71 and 



G(exp(ta))(£,r?)= | 



V R (Y e )(exp(tx)) ^^[^(x) = 6(x)^, V ) 



t=o 



Note that if G is connected and C : G — > /\ 2 g/go is a Lie group 1-cocycle integrating <5, that is, with G(e) = 



for all £, ry e pi 
Note that if 

and d e C = (5, then C is unique (see|Lu| ()l99Cll )) and Dq is consequently given on G by 

D G (g) = {(T e R g (C(g)HO+x),Z R (g))\Zep 1 ,xeQ } (12) 

for all g & G, where C(g)* : g/go — > is defined as follows. Choose a vector subspace C g such that g = go © W, 
then we have an isomorphism <j>w ■ W — > g/go, w i-» w + g . Set C(<jr)"(£) — (G(<7)(£, •)) for all £ € pi = 0q. 
Note that by definition, (|12l) does not depend on the choice of W. 

Conversely, let G be a connected and simply connected Lie group and go an ideal in g. Choose a Lie algebra 
1-cocycle 5 : fl — > A 2 fl/ flp. Then there exists a unique Lie group 1-cocycle C : G — > f\ 2 q/qo integrating S (see 



Dufour and Zund (|2005l^ . Define C P g by (fT2l) . Then it is easy to check that Dq is a multiplicative Dirac 



structure on G. We have shown the following theorem. 

Theorem 3.28 Let G be a connected and simply connected Lie group with Lie algebra g. Then we have a one-to- 
one correspondence 



| (go, <5:0^/\ 2 0/0o 



go C g ideal , 1 ui J multiplicative Dirac structures 
5 cocycle i \ on G 



We will see in the next subsection that the integrable multiplicative Dirac structures on G correspond via this 
bijection to the pairs (go, 5 : g — > /\ 2 g/go^ such that the dual [■,■] := 8* : A 2 So "~ * 0* defines a Lie bracket on 
0o =:pl- 

Example 3.29 1. Let G = M™. Then any vector subspace V C R" ~ T R™ is an ideal in g = R™ and any 

is a Lie algebra 1-cocycle since the cocycle condition is trivial in this particular case. The 
Lie group 1-cocycle C integrating 6 is then the unique linear map C : R" — > A R n /^ with doC = 5, that 
is, C is equal to 5 if we identify G = R" with g = ToR™ via the exponential map. This shows that each 
multiplicative Dirac structure on R ra is given by 

D R „(r) = {(£(r) B (£)+a;),£) \££V°,xeV} C T r R™ x T r *R n , 

with V a vector subspace of R", 6 : R" -> /\ z R n /V a linear map and <5(r)" defined as in p^|) with a 
complement of in R n . 

2. Let G C GL„(R) be the set of upper triangular matrices with non- vanishing determinant. The Lie algebra 
g of G is then the set of upper triangular matrices. Its commutator go := [g,g] is the set of strictly upper 
triangular matrices, and integrates to the normal subgroup N C G of upper triangular matrices with all 
entries on the diagonal equal to 1. Note that G is not connected. The connected component of the neutral 
element e £ G is the set of upper triangular matrices with strictly positive diagonal entries. 

The quotient g/go is isomorphic to the set of diagonal matrices in g. Since go = [g,g], it is easy to see that 
the cocycle condition is satisfied for a linear map S : g —> f\ g/go if and only if S\ go vanishes, that is, if 
and only if 5 factors to 6 : g/go — > A 2 fl/flo- In other words, the dual map [• , ■] of a Lie algebra 1-cocycle 
6 has necessarily image in pi := gg. Hence, if C : G — s- A 0/0o is the Lie algebra 1-cocycle associated to 
a multiplicative Dirac structure on G, then the dual of its derivative at e has image in pi, that is, the 
bracket on pi defined in Definition 13. 161 has automatically image in pi. Since N is closed in G, this shows by 
Remark 13.91 and Theorem 13.211 that any multiplicative Dirac structure on G with go = [g,g] is automatically 
the pullback to G under q : G — > G/N of the graph of a multiplicative bivector field on G/N. 

More generally, this result holds for any Dirac Lie group (G, Dq) such that g = [g,g]- 
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3.3 Integrable Dirac Lie groups: induced Lie bialgebra 

In continuation of the results in the preceding subsection, we can show that the integrability of (G, Dq) depends 
only on the properties of the bracket defined in Definition 13.161 

Theorem 3.30 The Dirac Lie group (G, Dq) is integrable if and only if the bracket [■ , •] on pi x pi defined in 
Definition \3.16\ is a Lie bracket on pi. 

In this case, Theorem 13 . 261 implies that the pair (fl/floipi) is a Lie bialgebra. 

Of course, with Theorem l3.211 we could show this theorem by considering the Lie bialgebra structure defined on 
(fl/flcbpi) by the multiplicative Poisson structure onG/N (recall Proposition 13 . 101 and Remarks 13.91 and 13. Ill) , but 
we prefer to do that in the setting of Dirac manifolds. 

For the proof of the theorem, we will need the following lemmas concerning the tensor Td g (see Subsection 12.11 
about Dirac manifolds). 

Lemma 3.31 Let (G, Dq) be a Dirac Lie group. The tensor Tq g is given by 

2 T Dg (X v , n L ), (X C L )) =X c ( V L (Xt)) + X 6 (C L (X V )) + X r) (£ L (X c )) 

- [CvfW - K,C] L (^) - ht} L (x<) (13) 

for all £, rj, £ €E pi and corresponding X^, X rp Xq G 3-(G), and in particular 

T DG (e)({x,o,(y,v),(^0) =[^v}(z) + hQ(x) + [C,my) (14) 

for any x, y, z e flo- 

Proof: Choose £, r/, C g pi and corresponding vector fields X^,X n ,X^ e X(G). Then the following equality is 
easy to show: 

7 , D G ((X £ ,e L ),(X^r ? i ),(X f ,C i )) =C i ([X £ ,X, 7 ])+^([X^X f ]) + r ? i ([X X e ]) 

+ X^eiX,)) + X s (n L (X c )) + X n (t L (Xt)). 

Using the definition of the bracket, we have also 

[CM L m + [U] L (X v ) + [r,^] L (X c ) 
=(£x ( v L - i^dC L )(X 4 ) + (£ Xi C L - ix ( de)(X ri ) + (£ x „e - ix ( d V L )(X c ) 
=2 (c L ([x„^]) + V L ([X^X C }) +Z L ([X c ,Xr,])) 

+ 3 (x c (rf(X t )) + ^(C L (X,)) + X^ L (X ( ))) 

= -2t Dg (pQ,^), (x v , V L ), (x C L )) + xdv L (x ( )) + x € (c L (x v )) + X V (£ L (X C )). 

Evaluated at e, this leads to 

T Do (e)((X 5 (e),0,(^(e),7?),(X f (e),C)) (d e (,7 L (^))(X c (e)) + d e (C L (X r) ))(X c (e)) + d,^^))^^)) 

- [C,v](X £ (e)) ~ K,C](^(e)) - lv,aX C (e))) 
=K,J/](X c (e)) + IvXKXde)) + [CfltMe)). □ 

Lemma 3.32 Assume that the bracket on pi x pi has image in pi. Then, To G ((X^, £ L ), (X v , r/ L ), (X^, C L )j is 
independant of the choice of the vector fields JQ, X v , X^ € X(G). The tensor Tq g defines in this case a tensor 
Soa^nA'Pil by 

s DG (e,v L X L ) = t Dg ((^, e L ), (X v , V L ), {X C , c L )) 

for all £,r], £ € pi and (G, Dq) is integrable if and only if Sd g vanishes on G. 
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PROOF: Consider ([15]), Since [£,rj\ G pi, we have [£,,r]] L (X ( + Z) = [£,,t]] l (X ( ) for all Z G T(G ). Thus, we have 
only to show that X^(rj L (Xc) is independent of the choices of X^,Xq. Choose Z and W G T(Go) and compute 

(X t + Z)( V L (X C + W)) = X^ V L {X C )) + Z( V L (X C )) + (X t + Z)(r, L (W)) = Xs(v L (X c ) + Z( V L (X C )) 

since i] L (W) = 0. For any x G go, we have x L (rj L (X^)) = (ad* t]) l (Xq) + r] L (£ x i,X^) = since ad* 77 = and 
£ x lXq G r(Go) by Remark 13.251 Since T(Go) is spanned as a C°°(G)-module by {x L \ x G go}, we are done. 

Recall that the pairs (x L ,Q) and (X^,^ L ), for all a; € go and £ G pi span the Dirac bundle Dq- Hence, to prove 
integrability of Dq, we have only to show that the Courant bracket of two sections of of this type is a section of 
Dq- We have already [(xf , 0), (x\, 0)] G T(Dg) for all x\, x% G go since go is an ideal in g and [(x L , 0), (X%, = 
(£ x lX£, (ad* C) L ) = (£ x lX 6 ,0) G T(D G ) by Remark I53S51 . Thus, we have only to show that ([A ? , A,,], [£,r;] L ) is 
a section of Dq for all f , rj G pi. Since [£,77] G pi, we have ((x L ,0), ([Af,^], [£, ?/] L )) = [£, r/](x) = for all x G go- 
The Dirac structure Dg is thus integrable if and only if (([Aj, A,,], [£, ?7] L ), (A£,£ L )) = for all £, 77, £ G pi, that 
is, if and only if Sb G =0. □ 

Proof (of Theorem 13.30]) : We have to show that the bracket has image in pi and satisfies the Jacobi identity 
if and only if the Dirac Lie group (G,Dq) is integrable. 

Assume first that (G, Dq) is integrable. The tensor Td g vanishes identically on G and 

[(X 6 ,( L ),(X n ,ri L )] = ([Xs,X v },£ XiV L -i x ^ L ) = ([X e ,X v },[tv] L ) 

is a section of Dq for any £, 77 G pi. Hence the covector [£, 77] = d e (?7 i (X^)) is an element of pi for all £, 77 G pi. We 
get then using (flB"]) 

E, [C,r?]] + fa K,C]] + [C, [r?,£]] - d e ([C,7,] L (A ? )) +d e (K,C] L (^)) +d e ([77, £] L (A C )) 
= -2d e (T DG ((^,£ L ),(X r) ,77 L ),(X c ,C i ))) +d e (X c (77 L (^))+X ? (C L (X I) ))+X,(£ i (X c ))) 

for all £, C, 77 G pi. We have for any x G g: 

d e (X c ( V L (Xs))) (x) = x L (X C ( V L (X,))) (e) 

i d e (t7 L (^)) (- ad* 1) + d e ((ad: ?7) L (*e)) PW) + A c ((" ^ x) L + A ad . 6 )) (e) 
= [£,77] (-ad*-*) + [£,ad:r,](X c ( e )) + [ad*, & r?](X c (e)) = [£ [^r?]]^). 

We have used the equality Dc(e) = go x pi and [£, ad*, 77], [ad* f, 77] G pi as we have seen above. This leads to 

K, [C, ^] + [77, [£, C]] + [C, to, £]] = -d e (t Dg ((A e , £ L ), pr„ 77 L ), (a c , C L ))) = 0. 

For the converse implication, we know by Lemma [3.321 and the hypothesis that the Lie bracket has image in pi 
that we have only to show the equality Sd g — 0. We compute £ x l(Sd g ) for any x G g. It is given for any g G G 
and £,77,C G pi by 

(£ x ,S Dg ) (g)(^(g), r, L (g), C L (ff)) =£*l (5d g (£ L , V L , C L )) (9) - S DG ((ad* x £) l , r, L , ( L )(g) 

- S Dg (£ l , (ad; 77) L , ( L ) (9) - S Dg , 77 L , (ad; C) L ) (.9) • 

A long but straightforward calculation using the definition of Sb G , (|13[) . (HJ and (flQ)) yields that 

£ xi (5 Dg (£ L , ?7 L , C L )) =5 DG ((ad; £) L , r, L , C L ) + 5 Dg (£ l , (ad; 77) L , C L ) + S Dg ^ l :V l , (ad; C) L ) 

+ ([[C^U] + [VZ,Q,v] + [[v,€],C])(x). 

Since [•, ■] : pi X pi — > pi satisfies the Jacobi identity by hypothesis, this shows that £ x lSd g = for all x G g and 
consequently that 5b G is right invariant. Thus, we get 

Sd g ( 5 ) (£*(<?), C R G?), 77*0?)) = So G (emC,v) ™ [C,»?](^(e)) + K,C](^(e)) + [v,Z](X c (e)) = 

since [•, •] has image in pi and Dg(e) = go X pi. Hence, we have shown that Sd g vanishes identically on G and the 
Dirac Lie group (G, Dq) is consequently integrable by Lemma [3.321 □ 
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Remark 3.33 1. We can see from the last proof that 

(£ xL S Da )(Z L ,( L ,r 1 L ) = [[£, 77], C] + [[r,, C], £] + [[0 £] , ??] 

if the bracket on pi x pi has image in pi. This shows that £ x lSd g is left-invariant and we can see using (|14p 
and Dc(e) = go x pi that So G {e) = 0- Thus, So G € T(/\ 3 Pi*) is multiplicative (see for instance Lu ( 1990l) ). 

2. Note that if (G, Dq) is integrable, then [£,rj\ € pi and we get Arj^i € [Xj, A^] + T(Go) for all £,77 € pi and 
any vector field X[ 5 ^] such that (Arj^i, [£,,r]] L ) e T(Dg)- 

3. If (G, Dq) is a Poisson Lie group, that is, Dp is the graph of the map 7r" : T*G — > TG induced by a 
multiplicative Poisson bivector field irp o n G, we recover the Lie bracket defined by a Poisson Lie group on 
the dual of its Lie algebra (see[Lu] (jl990t )V For all £, r\ S 0* and ie§: 

K^K*) - d e (^(X c ))(x) = x«(r 7 i (^))(e) = ^(^r^Xe) 

= (£^7r)(e)(C,r;) +^(e)(i; ;c ^ L (e),r?) + 7r(e)(C,i; ;c H7 7 i ( e )) - (_£ xB7 r)(e)(£, v) = (£,n)(x). A 

Recall that since go is an ideal of g, the quotient g/go has a canonical Lie algebra structure given by [x + Qo,y + 
go] = [x,y] + go for all x,y £ g. Recall from Theorems 13.261 and 13.301 that if (G, Dq) is integrable, then the 
pair (fl/flo,Pi) is a Lie b ialgebra. The following theorem is a general fact about Lie bialgebras (see for instance 



Lu and Weinsteinl (|l990h ). 



Theorem 3.34 Assume that the Dirac Lie group (G, Dq) is integrable. The Lie algebra structures on g/go and pi 
induce a Lie algebra structure on g/go x pi, with the bracket given by 

[(x + g , 0) (V + So, v)} = ([x, y] - ad* x + adj y + g , [£, rj\ + ad* n - ad* £) , 
for all x, y € g and £, 77 G pi. 

3.4 The action of 67 on g/rj x p x 

Theorem 3.35 Let (G, Dq) fee a Dirac Lie group. Define 

A : G x (g/g x pi) -> g/g x pi 

fey 

A(g,(a; + 0o,O) = (Ad 9 1 + T g R g -iX 6 (g) + Qo , Ad* g -, £) 

for all g € G, where E X(G) is a vector field such that (X^,^ L ) € T(Dg). TTie map A is a well-defined action 
of G on g/g x p 1 . 

Proof: We prove first the fact that the action is well-defined, that is, that it doesn't depend on the choices of x 
and X%. Choose i'£g such that x' + go = x + go- Then x' — x =: xo G go and 

Ad 9 x = Ad g (x + xq) = Ad g x + Ad 9 xq € Ad g x + 20 

for all g & G, since go is Ad g -invariant for all g € G. 

Next, if X 5 and A^ € X(G) are such that (A^,£ L ) and (A^,£ L ) e T(D G ), the difference X' ( - X 6 is a section of 
Go and hence we can write (A^ — X^)(g) — T e R g xo with xq € go- This leads to 

T ff i? fl -i A^(<?) = Tgi?,-! A ? (. 9 ) + l0 £ Tgi?,-! A c ( 5 ) + g . 

The map A is hence shown to be well-defined. We show next that A is an action of G on g/go X pi. We have to 
show that 

A (g\ A(g, (x + g , £))) = A(g'g, (x + g , 0) 

for all g,g' € G, x £ g and £ G pi. 

We have with the same arguments as above 

A g/g (x + Q ,0 =(^ g r(Ad g x)+T g , g R g - lg ,-iX^g'g) + Q ,Ad* g> - 1 (Ad* g - 1 ^) 

i (Ad gl (Ad g x) +T g , g R g - lg ,- 1 (T g L g ,X i (g) +T g ,R g X Ad ._^(g')) +flo,Ad^- 1 (Ad;_ 1 £)) 

= (Ad ff /(Ad 9 x + T g R g -i X ( (g)) +T gl R g ,-.X Kd , ^{g') +g , Ad;,-! (Ad£-i £)) 

= vV (Ad s a; + r ff fl s -iX € ( 5 )+flo,Ad*-i^) - A s , (A g (x + g , 0) • □ 
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Remark 3.36 Assume that the bracket on pi x pi has image in pi. 

1. We have TV C G (x+fl0) £), where G( x+fl0) £) is the isotropy group of (x + , £) G fl/flo x Pi- 

Indeed, for n G AT, we have Ad„ a: € x + go, f or all x G g and hence Ad*-i £ = £ for all £ G pi. The proof of 
this is easy, see also lOrteea and Ratiul (2004), Lemma 2.1.13. Since (A^,^ L ) G L(D G ) and n G iV, we know 
by Theorem [3.2 II that (i?* A ? , i?*£ L ) G T(D G ). Hence, we have i?*X ? (e) G go because Dc(e) = g x Pi, that 
is, T n R n -iX^(n) G go- Using this and Ad„ x € x + go, we get Ad„ x + T n R n -iX^(n) G x + go. 

2. Thus, we get a well-defined action .A of G/JV on g/g X pi, that is given by A(gN, (x+Qo,0) = A(g, (x+go, £)) 
for all g G G. A 

In fact (G, Dq) is integrable and N is closed in G, the next theorem shows that A is the adjoint action of G/N 
on g/g x pi integrating the adjoint action of g/g defined by the bracket on g/g x pi. 

Theorem 3.37 Assume that (G, D G ) is an integrable Dirac Lie group. The adjoint action of g/go — g/go x {0} C 
g/go x p! on g/go X pi "integrates" to the action A of G on g/go x pi in the sense that 



d 
~dl 



A (exp(iy), (x + g , £)) = [(2/ + So, 0), (x + g , £)] 



/or ally e g and (x + g ,£) € g/g x pi. 
Proof: Choose x,y G g and £ G pi and compute 

d 



d 
dt 



A(exp(ty),(x + g ,O) = 



dt 



Ad exp ( t j / ) x + T , exp ( t j / )i? exp (_ij / )X ? (exp(ty)) + g , Ad* xp( _ ty) £ 



= ([y, x] + £ y LX i {e) + g , ad* £_) = ([y, x] - ad*- y + g , ad* £) 
= [(y + 0o,O),(x + g o ,O]- 



□ 



4 Dirac homogeneous spaces 
4.1 Definition and properties 

Let (G, Dg) be a Dirac Lie group and H a closed connected Lie subgroup of G. Let G/H = {gH \ g G G} be the 
homogeneous space defined as the quotient space by the right action of H on G. Let q : G — > G/H be the quotient 
map. For g G G, let a g : G/H — > G/H be the map defined by a g (g'H) = gg'H . 

Definition 4.1 Let (G, Dq) be a Dirac Lie group and H a closed connected Lie subgroup of G. Let G/H be 
endowed with a Dirac structure Dq/h- The pair (G/H, D g /h) * s a Dirac homogeneous space of (G, D G ) if the left 
action 

a : G x G/H -> G/H, a g (g'H) = gg'H 
is a forward Dirac map, where G x G/H is endowed with the product Dirac structure D G © D G /#. 

Remark 4.2 If G/H is a homogeneous space of a Lie group G, there is an induced Lie groupoid action of TG © 
T*G =t g* on J : T(G/H)@T*(G/H) -> g*, {v gH ,a gH ) h> (T e {q o R g ))*a gH . The Dirac manifold (G/H,D G/H ) 
is a Dirac homogeneous space of (G, D G ) if and only if th is groupoid action restricts to a Lie groupoid action of 
Dg =4 pi on J\d G /h ■ ®g/h Pi- This will be shown in Ijota (120104 - where Dirac homogeneous spaces of Dirac 
Lie groupoids will be defined in this manner. A 

Remark 4.3 The definition is also easily shown to be equivalent to the following: for all gH G G/H and 
[v g H,a gH ) G D G/H (gH), there exist (w g ,(3 g ) G D G (g) and {u eHl leH) G D G/H (eH) such that 

A, = (T g q)*(a gH ), leH = {T eH a g )*(a gH ), and v 5 h = T 9 gw g + T eH a g u eH - 

This yields immediately: for all /i G if and (v e H,a e H) G D G / H (eH) = D G / H (hH), there exist (wh,(3h) G D(j(/i) 
and (u eH ,~f eH ) G D G/H (eH) such that £/, = (T h q)*(a eH ), leH = (T eH a h )*(a eH ), and u eff = T h qw h + T eH a h u eH .A 

Definition 4.4 Zei (G, D G ) 6e a Dirac Lie group and H a closed connected Lie subgroup of G. We say that a 
subspace S C g/f) x (g/F))* /ias property (*) i//or all h E H and (x,£) G S 1 , i/iere exist (wh,(3h) G Dg(/i) and 
(y,7j) G 5 smc/i iftaf /3ft = (T h q)*(£), fj = (T eH a h )*(C), and x = T h qw h + T eH a h y. 
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By Remark 14.31 if (G/H, &g/h) is a Dirac homogeneous space of the Dirac Lie group (G, D G ), then D G / H (e) 
has property (*). This leads to the following lemma. 

Lemma 4.5 Let T>g/h be a Dirac subspace of g/t) x (g/f))* with the property (*). Then the inclusions (T e q)*pi C pi 
and T e qQo C g hold, where pi C (g/f)) and g~o C g/() are £/ie subspaces defined by Dg/h- 

Proof: Choose a £ pi, then there exists v £ g/f) such that (v, a) £ 1)g/h- By (*), there exist (w e , f3 e ) £ Dg(e) and 
{ueH-,leH) £ ^g/h such that fi e = (T e q)*a, j eH = (T eH a h )*a, and v = T e gw e + u eH - The covector /3 e = (T e q)*a 
is an element of pi. The second inclusion is a consequence of the first. □ 

We call in the following D C g x g* the pullback Dirac subspace J) = (T e q)*Q G /H of Qg/h C g/f) x (g/f))* with 
Property (*), that is 

2) = {(x.O | 3£ g (g/f))* such that (T e q)*£ = £ and (T e ^,0 g D G/ff }. 

Lemma 4.6 Lei p' x C g* and g' Q C g fee i/ie vector subspaces associated to the Dirac subspace DCgxg*. TTien 
we /iawe i/ie inclusions 

Qo + ij^Qo and p[ C pi n f)°. 
Hence, we have go x {0} C 2) C g x pi and t/ie vector space 53 := 2)/(0o x {0}) can be seen as a subset of g/go x pi. 

Proof: We know from Lemma [4.51 that T e qgo C g~ and (T e q)*p~i C pi. The inclusions here follow directly from 
this and the definition of 2) . □ 

As in the case of a Dirac Lie group, the distributions Go and Pi are regular. This fact is proved in the next 
proposition. In order to simplify the notation, we write Go and Pi, respectively, for both the distributions, respec- 
tively codistributions, defined by Dq on G and by Dg/h on G/H. It will always be clear from the context which 
object is to be considered. 

Proposition 4.7 Let (G/H, D g /h) be a Dirac homogeneous space of (G, D G ). Then the distribution Go defined 
by Dq/h on G/H is a subbundle ofT(G/H). Consequently, the codistribution Pi also has constant rank on G/H. 
More explicitly, the distribution Go and the codistribution Pi are given by 

G (gH) = T eH a g G (eH) and P 1 {gH) = {T gH <T g -xYPx{eH) 

for all gH £G/H. 

PROOF: We show that P\(gH) = (T gH o- g -i )* P±(eH) for all g £ G: choose first £ g Pi (off), then there ex- 
ists x £ T e u{G/H) such that (x,£) £ Dg/h(gH) and hence w g -i £ T g -iG and u 9 h S T 9 h(G/H) such that 
(w g -i, (T g -iq H )*0 £ D G (g _1 ), (u gH , (T gH a g -i)*£) £ D G / H (gH) and T g -iq H w g -i +T eH a g -iu gH = x. This yields 
immediately (T g HO- g -i)*Pi(eH) C P 1 (gH). The other implication is a direct consequence of Remark 14.31 

Thus, the codistribution Pi is a subbundle of T*(G/H) and its annihilator is equal to Go, which is consequently 
given by Go(gH) = T e n(J g Go(eH) for all g £ G. □ 

Finally, we see that the notion of Dirac homogeneous spaces generalizes the Poisson homogeneous spaces. The 
proof can be done as in Example 13.21 

Example 4.8 Let (G,itg) be a Poisson Lie group, H a closed subgroup of G and it a Poisson bivector on G/H. 
Let (G, Dq) and (G/H,D G /h) be the Dirac Lie group and Dirac manifold induced by (G,itq) and (G/H, n), 
respectively. The Dirac manifold (G/H, Dg/h) is a Dirac homogeneous space of (G, Dq) if and only if (G/H,ir) is 
a Poisson homogeneous space of (G, -kg). 

4.2 The pullback to G of a homogeneous Dirac structure 

Consider a Dirac Lie group (G, Dq) and let J) be a Dirac subspace of g x g* satisfying 

go x {0} C £ C g x pi. (**) 

We denote by g C g and p'i C g* the subspaces defined by D. We have go C g and p[ £ p 1 and we can define the 
generalized distribution D' C P G by 

D'(g) :={(x L (g) + v g ,e(g)) & P G (g)\ € 3) and (v g ,^ L (g)) £ D G (g)} (15) 

for all g £ G. Note that D' is smooth since it is spanned by the smooth sections (JQ + x L , £ L ), with (x, QgD and 
X £ £ X(G) such that pQ,£ L ) £ T(D G ). 
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Proposition 4.9 Let (G, D G ) be a Dirac Lie group and 2) a Dirac subspace of gx g* satisfying (**). T7ie induced 
subset D' C TG ©T*G as m (|15p is a Dirac structure on G. 

The construction of the Dirac structure D' is inspired by iDiatta and Medina! (1999). 

Note that the codistribution Pi' induced by D' on G is equal to Pi' = p'^ by definition and consequently the 
distribution Go' induced by D' on G is equal to Go'. We have Go C Go' and Pi' C Pi. 

Proof: Choose g G G and (x L (g) + v g , £ L (g)), (y L (g) + w g ,r, L {g)) G D'(g), i.e., with (x,£),(y,rfi G 2) and 
(vg,Z L (g)),(w g ,T] L (g)) G D G (ff). We have 

((z L (.9) + ^,£ L ( 5 )) , {y L (g) + w g ,r, L (g))) = ({v g ^ L (g)) , Krt))) + ((1,0. M) = o, 

where we have used the equalities D G = and D = D . This shows D'(g) C D'(g) ± . 

Conversely, let (%,7 g ) G P G (<?) be an element of D'(.g)- L . Then we have 7 g (x L (g)) = ((x L (g),0) 7 (% f 7 9 )) = 
for all x G g , an d 7g is thus an element of P/(<?) C Pi(g). Choose v g G T S G such that (u s ,7 9 ) G D G (g) and set 



Then we get for any G 2): 



(K, 79 ), = 7 9 (^(5)) +r(g)K) = i g {x L {g)) +r(<;)K) + n<?)K) + t 9 (^g?)) 

where G X(G) is such that (X£,£ L ) is a section of D G that is defined at g. We have used the identity 
£, L {v g ) + jg(X^(g)) = which holds because pQ,£ L ) G T(D G ) and (u ff ,7 s ) G D G (g). But this equals 

((v g +w g , lg ),(Xs+x L ^ L )(9)) = ((u g ,j g ),(X e +x L ^ L )(g)) =0, 

since (Xj + x L ,£ L ) is by definition a section of D' and (u g ,j g ) G D'(g)- 1 -. This shows that (w g ,j g ) G D^g)- 1 = 
2) L (<7). Hence, we have shown (u g ,j g ) — (w g + v g ,j g ) G D'(g). □ 

Remark 4.10 If (Z, a) is a section of D', then we have (Z, a) = (X a + Y a , a) with X a and Y a G X(G) such that 
(X Q ,a) G T(D G ) and (Y a ,a) G L(2) L ). Hence, we have 

(Z(e), a(e)) = (Y„(e), a(e)) + (X a (e), 0) G 2) + (g x {0}) - 2) 

because D G (e) = go x Pi and go x {0} Q 2). Since 2) and D'(e) are Lagrangian, this shows that 2) = D'(e). A 

Let now H be a closed subgroup of G with Lie algebra t), and denote by qn '■ G — > G/iJ the smooth surjective 
submersion. Let ®g/h Q fl/f) x (fl/f))* DC a Dirac subspace, such that 2) C g x g* defined by 2) = (T e gjy)*2) G /# 
satisfies (**). Recall that property (*) has been defined in Definition 14.41 



Theorem 4.11 The following are equivalent for T>g/h and 2) as above and D' as in (|15p . 

L ®g/h satisfies property (*) 

2. A h (2)/(g x {0})) C 2)/(g x {0}) for all h G H 

3. D' is invariant under the right action of H on G 

4- (G, D') projects under qn to a Dirac homogeneous space (G/H, Dg/h) such that D G /#(eiJ) = ®g/h- 

Proof: Assume first that ®g/h satisfies (*) and choose (x + go,£) G 2)/(go x {0}). We have then (x, £) G 2) and 
hence there exists £ G (g/f))* such that (T e q#)*£ = £ and (T e qHX,£) G ®g/h- By (*) for (T e qnx,£) G Dg/h an d 
ft- 1 G ff, there exists (w h -i,f3 h -i) G D G (/i- 1 ) and G 2) G/H such that = (T h -iq H )*^, fj = (T eH a h -i)*£ 

and T e qnx = T e Hcrh-iy + T h -iqHWh-i . We compute 

(T e L h -i)*f3 h -i = {T h -iq H o T e L h -i)*ti = (T e q H o T h -iR h o T e L h -i)*£= Ad* h -i £ 
and also Ad£_i £ = (T e L h -i)* (3 h -i = (T h -iq H ° T e L h -i)*£ = (T eH a h -i oT e q H )*£ = (T e q H )*fj =: rj. 

This yields also rj G pi, and there exists a vector field X v G X(G) such that (X n , n L ) G L(D G ) and X^h^ 1 ) = w^-i. 
We have 

X v {e)=X Ad * ((hh^ 1 ) = T h -iLhXAd r 1 d^ 1 ) + T h R h -iX^(h) + z 

h 1 h L 

with z G go- We get 

y = T eH a h T e q H x - T eH cr h T h -iq H w h -i = T h q H T e L h x - TetoTft-iiftX^^ -1 ) 
= r e q ff (T h R h -iT e L h x + T h R h -iXf.(h) - -^Ad*^ «(e) + Z^j . 
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Since (y, 77) is an element of £> G /#, we have (y, rj) G 2) for any y G g such that T e qny = y- Hence, the pair 
(Ad/ l a;+T/ l i? fe -iX e (/i)-X Ad ._ i e (e) + 2,??) = (Ad h x + T h R h -iX e (h)- X Ad * ^ c (e) + z, Ad^-i £) is an element of D. 
With X Ad * ?(e) + ze g , this shows that A(ft, (x+Q ,O) = (Ad h x+T h R h -iX 6 (h) +Q , Ad* h -i Q G S/(rj x {0}). 

h 1 

Assume next that D/(qo x {0}) is -ff-invariant and choose a spanning section (X^ + x L ,£ L ) of D', hence with 
(a;, ^) e D and X% G £(G) a vector field satisfying (X$, £ L ) G r(D G ). Since (x + Qo, £) is an element of 35/(00 x {0}) 
we get for an arbitrary h € 

AfcO + fl ,£) = (Ad ft a; + 7^-1X^/1)+ 00, Ad^-xO G S/(flo x {0}), 

and hence 

{Ad h x + T h R h -iX s (h),Ad* h -^) G D. (16) 

Then we can compute for g G G: 

(i?£(A c (5),^. (£ L )(«?)) = (T 9fl i? h -iT e L 5ftI + T^^-!^^)^ o T 9fl L h _ lrl oT g R h ) 

i (T e L g Ad h x + T gh R h -i (T g R h X Adl i ( {g) + T h L g X^h) + T g R h T e L g z), (AdJ-i £) L (.g) 
for some z G go by Lemma 13.131 Thus, we get 

(R* h (X 6 + x L )(g),R* h ^ L )(g)) = ((Ad,x) L (.g) + A Ad; i a.9) + (T h R h -,X 6 (h)) L (g) + z L (g), (AdJ^ O^ff) 

= ((Ad, x + T^-iJQWf ( fl ) + X Ad ._ 1 e (sr), (Ad*_, C) L (g)) + (A 0)(.g). 

By the definition of D' and JTB]), we get consequently that (R* h (X^ + x L )(g), R* h (£ L )(g)) G D'(.g) (note that z L is 
a section of Go C G ), and hence that the right- action of H on (G, D') is canonical. 

Assume that the right action of H on (G, D') is canonical. The vertical space Vh of the right action of H on G is 
Vh = t) L Q Go' since by definition of 2) and q' q , we have f) C q' q . Thus, we have Pi' C V#° and hence, D'n3C^ = D' 
(recall the notations for Q). The reduced Dirac structure Dq/h is then given by 

We have to show that this defines a Dirac homogeneous space of (G, D G ). Note first that if (x,£) G D G /#(e_ff), 
then there exists (x,£) G D'(e) = 2) (see Remark T4.10P such that T e qnx = x and (T e gjj)*£ = £. But then (x,£) 
is an element of Qg/h- The other inclusion can be shown in the same manner and we get D G /^(e-ff) = Qg/h- 
Choose then gH G G/H and (v,a) G D G/H (.giJ), that is, («,a) G T gH (G/H) x T gH (G/H)* such that there 
exists ii G T g G with T g qnv — v and (i>, (T g qn)*a) G D'(g). Then we can write d as a sum v = w + u with 
G T 3 G such that (w, (T g q H )*a) G D G ( 5 ) and («, (T g q H )*a) G £ L ( 5 ), i.e., (T g L g -iu, (T e L g )* o (T 9 g ff )*a) G D. 
Since (T e L g )* o (T g q H )*a = (T e q H )* (T eH a g )* a, we get (T e q H T g L g -iu, (T eH cr g )*a) G D G /// = D G/ff (ei?). Set 
S := T e qnT g L g -iu, then we have T e ncr g u — T g qnu and hence 

u = T g q H w + T g q H u = T g q H w + T eH a g u. 

The proof of the last implication 4 1 is given by Remark 14.31 □ 

We have immediately the following corollary, which, together with the preceding theorem, classifies the Dirac 
structures on G/H that make (G/H, Dq/h) a Dirac homogeneous space of (G, D G ). 

Corollary 4.12 Let (G, D G ) be a Dirac Lie group, H a closed Lie subgroup of G and (G/ H,D g /h) a Dirac 
homogeneous space of (G, D G ). The Dirac structure D g /h on G/H is then uniquely determined by D G /^(e7?) and 
(G,D G ). 

Proof: Since (G/H,D g /h) is a Dirac homogeneous space of (G, D G ), the subspace D G / ff (eif) satisfies (*) by 
Remark 14.31 and D — T e g^D G /jy(e7?) satisfies (**) by Lemma [4.61 Define D' as above. Then, by the preceding 
theorem, we get that D' is right //-invariant and projects under qn to a Dirac structure qn (D')- It is easy to check 
that q H (D') = D G/H . □ 

Remark 4.13 1. Since the vertical space of the right action of H on (G, D') denoted here by Vh is equal to 
f) L and hence contained in Go', the Dirac structure D' is the backward Dirac image of D g /h defined on G by 
qu (see subsection 12. II) . 
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2. The quotient 23/(go x {0}) is easily shown to be a Lagrangian subspace of g/go x Pi if and only if 'Dq/h is a 
Lagrangian subspace of g/f) x (g/f))* satisfying (**). A 



Corollary 4.14 The Dirac homogeneous space (G/H, D G / H ) * s integrable if and only if the smooth Dirac manifold 
(G, D') defined by D G / H (eH) as in (|15[) is integrable. 

Proof: It is known by the theory of Dirac reduction that if an integrable Dirac manifold (M, D) is acted upon in a 
free and proper canonical way by a Lie group H , then the quotient Dirac manifold ( M/H, qn(D)) is a l so int egrable. 
Hence, if (G, D') is integrable, then {G/H, D G / H ) is also integrable (see for instance I Jotz and Ratiu ( 2008 )). 



For the converse implication, we deduce from the proof of Theorem 14.111 that (£^lX, £^lo) is an element of 
r(D') for all sections (X, a) of D' and Lie algebra elements £ £ f). This yields that D' = D' n X H satisfies 

[T{X H ),r(D')] cr(D' + 3C H ). 



We get from a result in I.Totz et al.1 (l2011bh that D' is spanned by right H-descending sections {X, a) £ L(D'), 



that is, with [X, r(Vjj)] C T(Vh) and a £ T(Vh°) h ■ Hence, it suffices to show that if (X,a) and (Y,f3) are such 
elements of r(D'), then their bracket [(X, a), (Y,j3)] is a section of D'. 

Since (X, a) and (Y, f3) are ii-descending and (G/H, D G / H ) is the Dirac quotient space of (G, D'), we find (X, a) 
and (Y, 13) £ T(D G / H ) such that X ~ qH X, Y ~ qH Y, a = q* H a and (3 = q* H (3. 

We have then [X, Y] ~ gjf [X, Y] and £x(3 — iyda = q* H (£xP — iyda). If (G/H, Dq/h) is integrable, the pair 
[(X, a), (Y, (3)] = ([X ,Y], £ x(3 — iyda) is a section of D g /h- By construction of the Dirac quotient of a Dirac 
manifold by a smooth Dirac action, there exists a smooth vector field Z £ X(G) such that (Z,q* H (£ x fi — iyda)) 
is an element of T(D') and Z ~ qit [X,Y]. But then there exists a smooth section V £ T(Vh) = r(f) L ) such that 
Z + V = [X, Y]. Since \) L C G ', this yields 

[(X, a), (Y, (3)] = ([X, Y], £ x [3 - iyda) = (Z, £ x [3 - iyda) + (V, 0) £ r(D') 

and thus the Dirac manifold (G, D') is integrable. □ 

Remark 4.15 1. If (G/H, D g /h) is integrable, the Dirac structure D' is also integrable as we have seen above 

and the subbundle Go' = q' q L is integrable in the sense of Frobenius. The vector subspace q' C g is then 
a subalgebra and the integral leaf of Go' through e is a Lie subgroup of G, which will be called J in the 
following. As in the proof of Lemma 13.191 we can show that the right action of J on G is canonical on 
(G, D'). Theorem ETQ yields then 

Aj (2>/(flo x {0})) C 2)/(g x {0}) 

for all j £ J. 

2. We can also show that if (G, D G ) is A^-invariant, then (G, D') is A^-invariant. By Theorem 13.211 the bracket 
on pi x pi defined in Definition 13.161 has image in pi, and by Remark 13.361 we know then that the action of 
TV on g/g x pi is trivial. Hence, we have A„(S)/(g x {0})) = S)/(go x {0}) for all n £ N, and we can apply 
Theorem SHU A 



4.3 Integrable Dirac homogeneous spaces 

We consider here an integrable Dirac Lie group (G, D G ), a closed Lie subgroup H of G (with Lie algebra E)) 
and a Dirac homogeneous space (G/H,D G / H ) of (G,D G ). As above, we consider the backward image 23 = 
(T e q H )*D G/H (eH) of D G/H (eH) under T e q H , i.e., 

23 = {(x, (T e q)*0 \x£Q,^£ (g/f,)* such that (T e qx,£) £ D G/H (eH)}, 
and the Dirac structure D' defined by 23 on G as in (fT5|) and Proposition 14.91 

Theorem 4.16 The quotient 23/(go x {0}) is a subalgebra of g/go x pi if and only if (G, D') (or equivalently 
(G/H, Dq/h)) is integrable. 
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Proof: Choose (a;, £), (y, rf) in 3, then the pairs (X^ + x L ,£ L ) and (X v + y L ,rj L ) are sections of D'. We have by 
Proposition 13. 151 Definition ^. 161 Proposition 13.241 and Remark 13.331 

[(X i + x L ^ L ), (X v + y L , v L )] = ([Xt,X„] + £ x lX v - £ yL X i + [x,y] L , £x,V L ~ ix„d£ L + £ x tr, L - i^d^) 

i (X [M + X ad * „ - (ad; x) L - X ad; £ + (ad^ y) L + [x, y] L , v] + ^d* x n- ad^ t) L ) 

+ (Z, 0) for some Z G r(G ) 
= ( X K,^]+ad* r,-ad*c + ([x,v] - ad; x + adj y) L , ([£,77] + &d* x r) - adJ^J , (17) 

where we have chosen the vector field X^ jI? j +ad * jj-ad* £ := -X^jj] — -^ad* J — -^ ad *, 5 

If (G, D') is integrable, we have [(Xj + :r L , £ L ), (X,, + rj L )] G r(D'), and hence its value at the neutral element 
e is an element of 3 by Remark 14.101 But since X^ tV \+ a d.* 77-ad* g( e ) is an element of 0o, (TT7|) yields 

[(^+x i ,e L ),(X I) + 2 / L ,7 ? i )] (e) G ([x,y}-ad*x + adly, [£, 77] + ad^ 77 - ad; £) + ( 0O x {0}). 
This leads to 

[(x + go, 0: [V + flo, r?)] = ([a:, y] - ad; 1 + ad^ y + O , [f , 77] + ad^ 77 - ad; f ) G 3/(0 O x {0}). 

For the converse implication, it is sufficient to show that for all (x, £), (y, 77) G 2), we have 

[(^ + ^,e i ),(X, + y L ,7 7 L )] G r(D') 

since D' is spanned by these sections. By hypothesis, we have 

[{x + 0o, 0> (V + So, »/)] = ([x, y] ~ ad; x + ad^ y + g , [£, 77] + ad^ 77 - ad; f) G 3/(0 O x {0}) (18) 

for all (x, £), (y, 77) G 35 and the claim follows using (IT71) . □ 

We have proved the following theorem which is a generalization of the theorem in Printer 7 d (|l993l) . 

Theorem 4.17 Let (G, Dg) be a Dirac Lie group and H a closed subgroup of G with Lie algebra f). The assignment 

D G/H ^ 3 = (T e q H )*D G/H (eH) 

gives a one-to-one correspondence between (G,Dc)-Dirac homogeneous structures on G/H and Dirac subspaces 
D C g x 9* such that 

1. (00 + b) x{o}cj)C0x (pinf)°), 

2. ©/(flo x {0}) is Lagrangian in 0/00 X Pi, arid 

3. A h (2)/(0 O x {0})) C 2)/( 0o x {0}) for all h G £T. 

J/ ifte Dirac Lie group is integrable, then (G/H, Dq/h) is integrable if and only if 3 /(go x {0}) is a subalgebra of 
0/0o x pi. 

Example 4.18 1. Let (G, Dg) be a Dirac Lie group and (G/H, Dq/h) a Dirac homogeneous space of (G, Dg) 
corresponding by Theorem 14.171 to the Lagrangian subspace 3 C 0X0*. Then, again by Theorem 14.171 
applied to the Lie subgroup {e} of G and the Dirac subspace 3 C x 0*, we get that (G, D') is a Dirac 
homogeneous space of (G, Dg)- If (G, Dg) is integrable, we recover the fact that (G, D') is integrable if and 
only if 3/(0o x {0}) is a subalgebra of 0/00 x pi, that is, if and only if (G/H, Dq/h) is integrable. 

2. Choose a Dirac Lie group (G, Dg) and assume that the corresponding bracket on pi has image in pi and 
that the Lie subgroup N is closed in G. The Lagrangian subspace 0o x pi of x 0* satisfies (**) and the 
corresponding Dirac structure D' is equal to Dg by definition. Since N corresponds to the Lie subalgebra 0o of 
and fixes 0/00 x pi pointwise by Remark 14.151 we get from Theorem l4.11l that the quotient (G/N, gjv(Dc)) is 
a Dirac homogeneous space of the Dirac Lie group (G, Dg). We will study this particular Dirac homogeneous 
space in section 
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Remark 4.19 The previous theorem does not reduce, in the case of Poisson Lie groups, to the s ame theorem bu t 
with go set to be {0}, as in many other statements of this work. Indeed, the theorem of Drinfel'd (|Drinfel / dl (|l993h l 
gives a correspondence between Poisson homogeneous structures on G/H of a Poisson Lie group (G, {• , •}) and 
Lag rangian subalgeb ras D C g x g* satisfying A^D C 2) for all h € H and the equality 23 H (g x {0}) = [) x {0} 
(see lDrinfel'dl (jl993| g that is, g = f). 

Here, we have Dn(gx {0}) = g x {0} and we get the following cases. 

1- 00 Q f) = g : the Dirac homogeneous space is a Poisson homogeneous space of the Dirac Lie group (G, Dg). 
Furthermore, if go = {0}, the Dirac Lie group is a Poisson Lie group and we are in the situation of Drinfel'd's 
theorem. The case go = f) (see the second part of Example I4.18[) will be studied in section [5l 

2- 1] Si 0o : the Dirac homogeneous space has non-trivial Go-distribution and is hence not a Poisson homogeneous 
space of (G, Dq). Therefore, in the case where go = {0}, we obtain a Dirac homogeneous space of a Poisson 
Lie group. A 



Example 4.20 Consider an n-dimensional torus G := T n . In Corollary 13. 171 we have recovered the fact that the 
only multiplicative Poisson structure on T™ is the trivial Poisson structure tt = 0, that is D,,- = {0} QT*T n . The 
Lie algebra structure on g x g* is given by (y,v)] — {[ x i 2/L ac C V — ad*£) = (0,0) since the Lie group T n 

is Abelian. Hence, every Dirac subspace of x 0* is a Lagrangian subalgebra. Indeed, it is easy to verify that 
each left invariant Dirac structure on T n is an integrable Dirac homogeneous space of the trivial Poisson Lie group 

(T n ,7T = 0). 

In general, if (G, tt — 0) is a trivial Poisson Lie group, the Lie algebra structure on 0X0* is given by [(x, £),(?/, T))] = 
([x, y], ad* j] — ad* £). The (G, tt — 0) -homogeneous structures on G are here the left invariant Dirac structures 1) L 
on G. Hence, the integrable homogeneous Dirac structures on G are the left invariant Dirac structures D L such 
that D is a subalgebra of x 0*. But ID is a subalgebra of x 0* if and only if 

(( [a;, y], ad* r] - ad*, f), (z, ()} = £([y, z]) + r)([z, x\) + (([x, y\) = 

for all (x, £), ( y, rj) and ( z, () € D. We recover Proposition l2.3l about integrability of a left- invariant Dirac structure 
on G, see also iMilburnl (|2007h . 



5 The Poisson Lie group induced as a Dirac homogeneous space of a Dirac 
Lie group if N is closed in G 

We will see in this section that if (G, Dq) is an integrable Dirac Lie group, such that the leaf N of the involutive 
subbundle Go through the neutral element e is a closed normal subgroup of G, then the Lie bialgebra (0/00, pi) — 
(fl/flO: (fl/flo)*) arises from a natural multiplicative Poisson structure tt on the quotient G/N, that makes (G/N, tt) 
a Poisson homogeneous space of (G, Dq). 

Theorem 5.1 Let (G, Dq) be a Dirac Lie group such that the bracket on pi x pi has image in pi and N is closed 
in G. The reduced Dirac structure &g/n = Qn(^g) on G/N (that is a homogeneous Dirac structure of (G, Dq), 
see Example \4- 18\ l is the graph of a skew- symmetric multiplicative bivector field tt on G / N (as in Examvle \2.1\) . If 
(G, Dq) is integrable, the quotient (G/N, Dq/ n ) —: (G/N, tt) is a Poisson Lie group, and the induced Lie bialgebra 
(0/00, pi) — (0/007(0/00)*) os in Remark \3.33\ is the Lie bialgebra defined by (G, Dq) as in Theorems \ 3.26\ and 

\3M 



Since each normal subgroup of a simply connected Lie group G is closed (see Hilgert and Neeb ( 199l[ )V we have 
the following immediate corollary. 

Corollary 5.2 Let (G, Dq) be an integrable, simply connected Dirac Lie group. Then Dq is the pullback Dirac 
structure defined on G by q^ : G — > G/N and a multiplicative Poisson bracket on G/N . 

Proof (of Theorem 15. Since 0o is an ideal in 0, the Lie subgroup N is normal in G. If it is closed in G, the 
left or right action of N on G is free and proper and the reduced space G/N is a Lie group. Let qw ■ G — > G/N 
be the projection. 

The vertical distribution of the left (right) action of N on G is the span of the right- invariant vector fields 
x R , for all x € q , that is, = G . This yields X N = V N {0} = G {0}, and hence Xjj = TG © Pi. The 
intersection Dq H Xj^ is consequently equal to Dq and has constant rank on G. Recall that the set of smooth local 
sections of D G / N is given by 



(X,a) € X(G/N) x n\G/N) 



3X e X(G) such that X - gjv 
and (X,q* N a) e T(D G ) 



X 



23 



Since N lets (G, D G ) inva riant by Th e orem | 3.2 II and is connected by definition, we have [T(%n), L(D G )] Q T(Dq) 
and we get using a result in Ijotz et ahl ()201 lbh that D G is spanne d by its iV-descend ing sections, that is, th e pairs 
(X,a) G T(D G ) with [X,T(V N )\ C T(V N ) and a G T(V° N ) N (see I.Totz et all (l2011al) or I.Totz et al.l (|2011bh N l. The 



vector sub bundle Pi = V° f of T*G is spanned by its descending sections since is a smooth integrable subbundle 
of TG (see Jotz et ahl ( 2011b!) ). and the push- forwards of the descending sections of are exactly the sections of 



the cotangent space T*(G/N) of G/N. Since D G is spanned by its descending sections (X, a) G F(D G ), Pi is in 
particular spanned by descending sections belonging to descending pairs in r(D G ). This shows that the cotangent 
distribution Pi defined by D G/N on G/N is equal to T*(G/N), and (T g q N )* (T* N G/N) = Px(g) for all g G G. This 
yields that D G / N is the graph of a skew-symmetric bivector field n on G/N. Thus, if we show that (G/N, D G / N ) 
is a Dirac Lie group, we will have simultaneously proved that (G/N,ir) is multiplicative by Example 13.21 

We thus show that D G / N is multiplicative. Choose a product gNg'N = gg'N G G/N and 
(vgg'N,a g g'N) G &G/N (gg' N) . Then there exists a pair (vgg/ , Qtgg f *) £ ((/<?') such, that 

T gg"lNV gg i = v gg > N and (T g g , q N )* a g g , N = a g g , . 

Since D G is multiplicative, we can find w g € T g G and u g / G T g iG such that 

TgRg'Wg + Tg'LgUgl = Vgg-, (W g , {TgRg>)* Ct(g J)) <E D G (fll), aild (Ug> , (Tgl L g)* OLgg') G D G ( 5 ')- 

We have 7 fl / := (T g >L g )*agg' £ Pi(g') and /3 g := (T g R g >)* a gg i G Pi(<?) and hence, by the considerations above, there 
exist /3 gA r G P'i(gN) and G_P~i(g'7V) satisfying {T g q N )*f3 gN = /3 g and (T gl q N )*%> N = 7^. By construction of 
D g /jv, we have then (T g q N w g , j3 gN ) G D G/N (gN) and (T g >q N u g > ,%> N ) G D G / N (g' N). 
We compute 

Tg'NLgNTgiqNUgl + Tg^ Rgl ffT g q^ VJ g = Tgl (Tg'LgUg* + TgRg'Wg) = Tggiq^Vgg' = Vgg'N, 



(Tg'lN)* {{T g >NLg N )*a g g, N ) = {T g ,L g )* {{T gg ,q N )* a gg , N ) = {Tg,L g )* a gg , = lg , = (T g ,q N )*j g , N , 
and in the same manner (T g qjv)* ((T g N R g > n)* a gg i n) = j3 g = (T g qjsr)*0 g N- This leads to 

(Tg'NL g jq) (digg'jy) = Jg'N an d (TgNRg'jy) (agg'jy) = PgN 

since ^at is a smooth surjective submersion. Hence, we have shown that (G/N, D g /n) is a Dirac Lie group which we 
will sometimes write (G/N, tt) in the following since D G / N is the graph of a multiplicative skew-symmetric bivector 
field tt on G/N. 

The last statement is obvious with the considerations above and Proposition 13.181 □ 



Furthermore, we can show that each Dirac homogeneous structure on G/H, H a closed subgroup of G, can be 
assigned to a unique Dirac homogeneous space of the Poisson Lie group (G/N,ir) if the product N ■ H remains 
closed in G. 

Let (G/H, Dq/h) be a Dirac homogeneous space. We assume that the Lie subgroup N ■ H (with Lie algebra 
0o + f)) is closed in G. The Lie group N acts by smooth left actions given by n ■ gH = ngH for all n G N and 
g G G on the homogeneous space G/H . This is well-defined since if g~ x g' G H, we have g^ 1 n~ 1 ng' G H and hence 
ngH = ng'H. It is easy to check that the quotient of G/H by the left action of N is equal to the quotient of G 
by the right action of N ■ H . Indeed, the class of gH in (G/H)/N is the set {ngH | n G N} — NgH. But since 
N is normal in G, this class is equal to gNH, which is the class of the element g G G in the quotient by the right 
action of N ■ H on G. Since G/(N ■ H) has the structure of a smooth regular quotient manifold and the maps qn 
and qw-H are smooth surjective submersions, the projection qNM '■ G/H — >• (G/H)/N is also a smooth surjective 
submersion. 

In the second diagram, we have (G/N)/(NH/N) ~ G/(N ■ H) ~ (G/H)/N. 



_ m|lvxG 

X x G G 



Idjv Xq/f 



9H 



AT x G/H ^G/H 




G/N- 



G/(N -H) 



We have the following theorem. We assume here for simplicity that the Dirac Lie group (G, D G ) is integrable, 
but analogous results can be shown for a Dirac Lie group that is invariant under the action of the induced Lie 
subgroup N. 
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Theorem 5.3 Let (G/ H,D G / H ) be an integrable Dirac homogeneous space of the integrable Dirac Lie group 
(G, Dq) such that N and NH are closed in G. 

The Lie group N acts smoothly on the left on (G/H,D g /h) by Dirac actions, and the Lie group N ■ H acts 
smoothly on the right on the Dirac manifold (G, D') by Dirac actions. 

The quotient Dirac structures on G/{N ■ H) ~ (G/H)/N are equal and will be called D g /(nh)- The pair 
(G/(N ■ H), ^>G/(NH)) i s a Dirac homogeneous space of the Poisson Lie group (G/N, tt) and of the Dirac Lie group 
(G,D G ). 

Conversely, if (G/(NH), D g /^h)) is o, Dirac homogeneous space of the Poisson Lie group (G/N, n), then the 
pullbacks (G/H, q* N H (&g/(nh))) an d (G, q^H (&g/(nh))) are Dirac homogeneous spaces of the Dirac Lie group 
(G, D a ). 

Proof: Consider again the Dirac subspace 2) — (T e qH)*D G / H (eH) C g x p!. We write 2) for the quotient 
®/{qo x {0})- Since (G, Dq) and (G/H, D G / H ) are integrable, we get from Theorem 14.171 that 2) is a subalgebra of 
fl/flo x Pi and from Remark |4 . 1 51 that 2) is iV-invariant. We have then A n h 2) C 2) for all nh 6 N-H and, by Theorem 
HTTTl the group N-H acts on (G, D') by Dirac actions and the quotient (G/(N-H), q NH (D')) =: (G/(N-H), D G/NH ) 
is an integrable Dirac homogeneous space of the Dirac Lie group (G,D G ). 

Next we show that the left action <£> of N on (G/H, D g /h) is canonical. Let (X,a) be a section of D g /h- Then 
there exists (X, a) £ T(D') such that X ^ qH X and a = q* H a. We have qn ° L n — $„ o q H for all n € N and hence 
L* n X ~ gH $*X and L* n a = q* H <&* n a. Since the action of N on (G, D') is canonical, we have (L* n X,L* n a) £ r(D') 
and the pair (^X, 3>£fi) is consequently a section of Dq/h ■ 

Let V be the vertical space of the action $ of TV on G/H and X = V © {0}. The subbundle V of T(G/H) is 
spanned by the projections to G/H of the right-invariant vector fields x R on G, for all x € go, and V° is spanned 
by the push-forwards of the one-forms £ R , for all £ € pi H f}°. But since D' n Xjj = D' C TG © (pi H f)°) fl , and 
D G / H = qH(D'), we get easily D G / H n 0C 1 - = D G / H , which has consequently constant dimensional fibers on G/H. 
Thus, by the regular reduction theorem for Dirac manifolds, the quotient ((G/H)/N,qM,H(D G /H)) is a smooth 
Dirac manifold. 

We have then to show that the quotient Dirac structure qN.H^c/H) is equal to E>g/{nh)- If (X, a) is a section 
of qN.H (Dg/j), then there exists (X, a) in T(D g /h) such that X ^ qN H X and q^ H a = a. But then there exists 
(X, a) € r(D') such that X ^ qH X and a = q* H a. Then we have a = q* H q* N H ct = q* NH a, X ^ qNH X and (X, a) is 
a section of D G / NH . This shows qN,ti(D G /H) ^= D g /nh and hence equality since both Dirac structures have the 
same rank. 

Finally, we show that (G/(N ■ H), D G /(nh)) is a Dirac homogeneous space of the Poisson Lie group (G/N,tt). 
The Lie bialgebra of the Poisson Lie group (G/N,tt) is (fl/flo,Pi) with the bracket as in Theorem 13.341 We have 
{T eN q N<NH )*D G/(NH) (eNH) = (T e q N ) ((T e q NH )*D G/{NH) (eNH)) = 2)/( flo x {0}) C q/ Bo x Pl . By Remark^ 
the action of G on 2)/(flo x {0}) induces an action of G/N on 2)/(go x {0}); this is exactly the action of G/N defined 
by the Poisson Lie group (G/N, it) on its Lie bialgebra. Since 2)/(go x {0}) is iV if -invariant, it is iViJ/iV-invariant 
under A. Since D/(qo x {0}) is a Lagrangian subalgebra of q/qo x pi and (go + f))/flo x {0} C 2)/(go X {0}) C 
fl/flo x f)° n pi, we are done by Theorem 14 .171 

For the converse statement, we use Remark 13.361 about the action A of G/N on g/go X pi and apply the first 
part of Example 14.181 to the Dirac Lie group (G/N,tt) and the closed subgroup NH/N of G/N and to the Dirac 
Lie group (G, D G ) and the closed subgroup NH of G. □ 

Now choose an integrable Dirac homogeneous space (G/H, D G / H ) of (G, D G ) and let (G, D') be the Dirac structure 
on G defined as in the preceding section. Since D' is integrable and G is left invariant, it is an involutive subbundle 
of TG which is consequently integrable in the sense of Frobenius. Then the integral leaf J of Go' through the neutral 
element e, which was defined in Remark 14.151 is a Lie subgroup of G. 

Lemma 5.4 If the Lie subgroup J is closed in G, it acts properly on the right on (G, D') by Dirac actions. The 
intersection D' l~l 3Cj, with %j = Vj Q {0} = q' q © {0}, is equal to D' by definition of J and we can build the 
quotient (G / J,qj(D')), where qj : G — > G/J is the projection. 

Furthermore, since N C J is a normal subgroup, we can build the quotient Lie group J/N if N is closed in G. 
It acts properly on the right on G/N and we can see that G/J ~ (G/N)/(J/N) as a homogeneous space of G/N . 

Proof: We have seen in Remark |4.15l that if (G, D') is integrable, we have A/2) = 23 for all j E J. By Theorem 
14.111 (note that all the hypotheses are satisfied since g' Q x {0} C 2) C g x p[, the Dirac subspace 2) is equal to the 
pullback 2) = T e q^(T e qjD) ), we get that the Dirac manifold (G, D') is right J-invariant. □ 

In the following diagram, the dashed arrows join Dirac Lie groups to their Dirac homogeneous spaces. 
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(G,D G )- *- (G, D') 




(G/J,n G/J ) 

Theorem 5.5 Under the hypotheses of the preceding lemma, the pair (G/ J,gj(D')) =: (G/J, 7r G /j) is a Poisson 
homogeneous space of the Dirac Lie group (G, D G ) and of the Poisson Lie group (G/N, tt). 

Proof: By Theorem 14.171 and Lemma \5. 41 (G/J,ttq/j) is a Dirac homogeneous space of the integrable Dirac Lie 
group (G, D G ). The quotient 25/(flo x {0}) is a Lagrangian subalgebra of q/qo x pi with (go +g ) x {0} = q' X {0} C 
D C Qxpi — qx ((g )° Dpi). Furthermore, 2)/(flo X {0}) is A,-invariant and hence also Ajjf- invariant by Remark 
13.361 for all j € J (see also the proof of the preceding theorem). Hence, (G/J, ttq/j) is also a Dirac homogeneous 
space of the Poisson Lie group (G/N, ir). 

Note that since Go' = Vj, the quotient Dirac structure D G /j := qj(D') has vanishing characteristic distribution 
and is hence a Poisson manifold (see the proof of Theorem 15.11) □ 

Finally, we give examples where it is not possible to build the diverse quotients as above. Let SL 2 (K) be the 
universal covering of the Lie group SL 2 (R). 

Example 5.6 1. Consider the Lie group 

g = (t 2 x smr)) /r, 

where V is the group homomorphism Z(SL 2 (M)) ~ Z -> T 2 given by T(z) = {e l ^ z , e lz ) for all z G Z(SL 2 (R)) 
(or more generally a group homomorphism with dense image in T 2 ). The graph of T is a discrete normal 

subgroup of T 2 x SL 2 (R) and hence the quotient G is a Lie group. The Lie algebra of G is equal to the direct 
sum of Lie algebras g = M 2 ©s[ 2 (R) and has hence go := st 2 (R) as an ideal. The corresponding Lie subgroup 

N of G corresponds to the images of the elements of SL 2 (R) in G and is hence by construction not closed in 
G. Let G be endowed with the trivial Dirac structure such that go = the quotient Poisson Lie group 

(G/N,ir) does not exist here. 

2. Consider G = T 4 x M with coordinates Si, S2, S3, S4, t and the integrable Dirac structure given by go = 
spanjiri}, pi = span{£ 2 , £3, £4, £5} and D G the (necessarily) trivial multiplicative Dirac structure 

D G = g£ pi = span{(xf , 0), (0, £ 2 L ), (0, £ 3 L ), (0, £ 4 L ), (0, 

where 



£2 


= V2ds x (0) - ds 2 (0) 


Xl 


= S.x(0)-F 




= dsi(0) - di(0) 


X2 


= -». a (o) 


£4 


= ds 3 (0) 


%3 


= -dt(0) 




= ds 4 (0) 


X4 


= d S3 (0) 


6 


= d Sl (0) 


x 5 


= d s M- 



V2d S2 (0) + dt(0) 



2G 



The group N is then equal to N = {(e tl , e^ tl , 1, 1, t) | i 6 1} and is closed in G as the graph of a smooth map 
K — s- T 4 . The quotient (G/N, ir) is a torus T 4 with trivial Poisson Lie group structure. Consider the subgroup 
H = {(e 2ti , e 2 ^ u , 1, 1, t) | t € M} of G. Then i? is closed in G and each Dirac subspace J)Cl 5 xI 5 ' with 
(1) + So) x {0} Cgx (f)°n pi) induces a homogeneous Dirac structure on G/H ~ TP 4 . 

The subgroup TV • iJ of G is dense in T 2 x {l} 2 x K C G and is hence not closed in G. 
Consider now the Dirac subspace 

- (^(0),0), (9 S2 (0),0), (V3cM0) + d S4 (0),0), 1 

with I e g an arbitrary vector satisfying (ds3(0) — v / 3ds4(0))(X) = 0. The Dirac structure D' = T) L defines 
a (G, Dc)-homogeneous Dirac structure of since go + f) C q' q , but the leaf J of Go' through the neutral element 
is equal to J = {{e Bl , e^, e^ u , e tl ,s) \6,<p,t,s€ R} and thus dense in G. 
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